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ABSTRACT 
 
 
GURINDER SINGH BRAR. Buckling load predictions in pressure vessels utilizing 
Monte Carlo method (Under direction of DR. YOGESHWAR HARI) 
 
 
In practice, large diameter, thin wall shells of revolution are never fabricated with 
constant diameters and thicknesses over the entire length of the assembly. These initial 
geometric imperfections have significant effect on the load carrying capacity of 
cylindrical shells. The cylindrical shell in the study is flue gas desulphurization (FGD) 
“vessel” which is a large hybrid tank-vessel-stack assembly in a major Canadian refinery. 
The function of the FGD vessel is to contain and support a proprietary process that 
utilizes an ammonium sulphate scrubbing system to produce environmentally friendly air 
emissions. FGD vessel stack has internal diameter of 6.1m, height of 45.34m and wall 
thickness of 9.525mm. Initial imperfections in FGD vessel is in the form of wall 
thickness variations. FGD wall thickness at 144 points along the circumference and 
elevation are measured. Monte Carlo method is employed to generate the measured data 
again. Test of significance is carried out to see the accuracy of the data generated. This 
Monte Carlo algorithm can be used to create data for any type of shell without spending 
time in actual measurements. Next, load carrying capacity of shell is determined 
considering imperfections to be axisymmetric and then asymmetric. Fourier 
decomposition is used to interpret imperfections as structural features can be easily 
related to the different components of imperfections. Further, double Fourier series is 
used to represent asymmetric initial geometric imperfections. The ultimate objective of 
these representations is to achieve a quantitative assessment of the critical buckling load 
considering the small axisymmetric and asymmetric deviations from the nominal 
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cylindrical shell wall thickness. Analysis of cylindrical shells when used as pressure 
vessels and are under external pressure is also carried out. Comparison of reliability 
techniques that employ Fourier series representations of random axisymmetric and 
asymmetric imperfections in axially compressed cylindrical shells and shells under 
external pressure with evaluations prescribed by ASME Boiler and Pressure Vessel Code, 
Section VIII, Division 1 and 2 is also carried out.  
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CHAPTER 1: INTRODUCTION 
 
 
1.1 Buckling in Thin Wall Cylindrical Shells 
Buckling is failure mechanism when a structural member fails under compressive 
load. Buckling is characterized by the appearance and growth of bulges, ripples or waves. 
Buckling is usually encountered in thin structural members when members show visibly 
large transverse displacement to the applied load. A structure is said to be in buckle when 
under a compressive load, structure undergoes transition in deformation, from 
deformation in direction of compressive load to a perpendicular direction. The load at 
which deformation transition takes place is called critical buckling load. Buckling failure 
is also described as failure due to elastic instability (sudden collapse). 
Buckling is important as a structure can become unstable at load values significantly 
less than the ultimate compressive strength. It has been shown that for a thin cylindrical 
shell, compressive critical buckling load value governs the design of shell. Buckling of 
cylindrical shells can occur when a structural member is subjected to separate or 
combined action of axial compression, transverse pressure, torsion, etc.  
 Two approaches can be used for determining the buckling load of cylindrical shell, 
deterministic approach and stochastic approach. While the deterministic approach carries 
out analysis on the basis of some physical laws, stochastic (or probabilistic) approach 
takes into account several unknown factors that can affect the buckling loads. 
Deterministic approach does not include perturbations in the shell wall thicknesses. 
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Stochastic approach is used in this analytical study in order to predict the probability of 
buckling load in a particular confidence interval. 
Buckling behavior cannot be predicted by linear theory. Classical buckling theories 
using non-linear equations are required to predict buckling behavior. However, classical 
theories include the effect of pre-buckling deformations and post-buckling investigations. 
Donnell’s [1] linearized buckling as given by eq. (1.1) for thin cylindrical shell without 
the effect of pre-buckling and post-buckling effect is used in this study to predict the 
buckling load. 
4 4 4
, , , ,2( ) ( 2 ) 0xx xx xy xy yy yy xxxx
EtD w N w N w N w w
R
∇ ∇ −∇ + + + =
   
(1.1) 
1.2 Effect of Imperfections on Buckling Load 
Buckling strength of thin cylindrical shells is influenced by initial imperfections in 
the geometry of the cylindrical shell. Imperfections in shell wall can be in form of 
variations in loading, eccentricity in perfect shape, variations in material properties, 
variations in shell wall thicknesses etc. Pressure vessels are manufactured by welding 
rolled sheets. Due to manufacturing variations, fabricated shells differ from perfect shape 
and there can also be variations in shell wall thicknesses and material properties. When 
imperfections in shell come into picture load carrying capacity of shells is largely 
reduced. Koiter [2] was first to report that under compression test shells fail much before 
the classical buckling load was reached. Galambos (1988) and Chen and Lui (1987) also 
observed that load carrying capacity of shell is drastically reduced and the reason was the 
presence of imperfections in shells.[3] 
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Figure 1.1: Load V/s Deflection Plot for Axially Loaded Cylindrical Shell 
The effect of imperfections on load carrying capacity of cylindrical shells is shown in 
Fig. 1.1. Classical or theoretical buckling load (Pcl) as calculated from the classical 
theories is largely reduced due to presence of imperfections giving way to critical 
buckling load (Pcr). Non-dimensional buckling load (λ) defined in eq. (1.2) is a factor that 
takes into accounts the effect of imperfections and determines the critical buckling load. 
cr
cl
P
P
λ =                                                                                                      (1.2) 
The linearized Donnell’s equation as given in eq. (1.1) can also include the effect of 
initial imperfection (wrinkles, variations in shell wall thickness, material property etc.) 
for buckling load calculations. 
In practice, buckling load is calculated by classical buckling theories and ASME 
knockdown factor as given in ASME Boiler and Pressure Vessel Code Section VIII 
Division 2 Rules is multiplied to classical buckling load value for including imperfection 
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effects. Knockdown factor is based on the experimentally determined critical buckling 
load values. 
For calculation of buckling loads the imperfections can be treated as Axisymmetric or 
Asymmetric. Axisymmetric means that imperfection (or any entity) has symmetry around 
an axis. Symmetry can be in form of material property, loading, geometry, boundary 
conditions. Asymmetry refers to non symmetric behavior of an entity.  
 
1.3 Background and Literature Review 
The theory of static stability began with a paper published by Euler in 1744. Euler [4] 
was the first researcher to study stability of columns based on bending stress approach. 
Euler derived the equation for buckling of long columns by neglecting the direct stress. 
Considering only bending stress to calculate buckling load is one reason that Euler 
equation cannot be used for short columns where direct stress is considerable. Euler also 
included the end conditions of columns for calculating the buckling loads. Various end 
conditions that can be possible are one or both ends fixed or hinged, or one end free. 
Some of the assumptions made in Euler's column theory are that initially the column 
with uniform cross-section is perfectly straight and the load applied is truly axial. Euler 
also assumed column material to be perfectly elastic, homogenous and isotropic, and thus 
obeys Hooke's law. Euler’s column theory also assumed failure of column occurs due to 
buckling alone and the weight of the column itself is neglected. 
According to Euler's theory, the crippling or buckling load, Wcr under various end 
conditions is represented by a general equation as shown in eq. (1.3): 
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2
2cr
eff
EIW
L
π=                                                        (1.3) 
Instability of columns involves global buckling (i.e. buckling as one unit), local 
buckling (i.e. localized failure of compression regions) and torsional or twisting 
instability related to shear flow in thin walled members. Euler’s column theory considers 
only the global buckling. Also Euler’s column buckling relation shown in eq. (1.3) holds 
good only for long columns. 
Bryan [5] developed general theory of stability based on energy criterion, which 
states that if potential energy in an equilibrium state is minimum than that state is said to 
be stable. The equations governing equilibrium state were derived by Southwell [6]. 
Trefftz [7] used the energy criterion and formed the stability theory from an elasticity 
theory for finite deformations. Kappus [8] and Biot [9] further developed the theory of 
elasticity for finite deformations and derived the equations for neutral equilibrium.  
All the above developed theories of elasticity’s involve determination of stability 
limit. These theories are insufficient as behavior of structure when load reaches or 
exceeds the stability limit (buckling or crippling load) was not considered. As load 
reaches crippling load there exist not only stable state but also a neighboring 
infinitesimally deviating equilibrium state. 
Koiter [2] described that elastic behavior of structures at theoretical buckling load is 
characterized by neighboring equilibrium states corresponding to these loads. The 
discrepancy between classical buckling stress predictions and experimental buckling 
strengths was first shown to be predominantly caused by geometric imperfections in the 
shell surface by Koiter. Koiter identified that imperfections in the form of the perfect 
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shell buckling eigenmode would be very deleterious, and this concept was later widely 
adopted. 
The sensitivity of the bifurcation load to geometric imperfections is, however, very 
dependent on the form of the imperfection, as well as the length of the shell. The peak 
loads are usually summarized in the form of the strength-imperfection relationship as 
shown in Fig. 1.2, which identifies the peak load achieved, whether this peak occurs by 
bifurcation into a different mode or by reaching a limit load in a mode that is already 
present in the geometric imperfection.[10] 
 
FIGURE 1.2: Sensitivity of the Bifurcation Load to the Amplitude of Axisymmetric 
   Geometric Imperfections 
 
Donnell and Wan [11] studied the problem of buckling in thin-walled circular 
cylinders under simple axial compression. The cylinders studied were long enough (more 
than 3/4th of diameter) so that end conditions become unimportant and short enough (less 
than 10-20 times diameter) so that there is no danger of buckling of the cylinder as a 
tubular column. The result shows that buckling is very sensitive to imperfections or 
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disturbances of shape. The conclusion was that only a portion of cylindrical wall usually 
buckles, for which the unevenness factor may be much larger than the average for the 
entire wall. The effects of certain imperfections of shape were studied by large-deflection 
shell theory approach. 
Koiter [12] discusses buckling of the symmetric configuration into a nonsymmetric 
form. The analysis is based on the nonlinear equations of shallow shell theory, which may 
be linearised for the investigation of neutral equilibrium in the symmetric configuration. 
Only those buckling modes are considered which are periodic in the axial direction as 
well as in the circumferential direction. The analysis fully confirms the predictions of the 
general nonlinear theory of elastic stability developed by Koiter [2]. 
Tennyson et. al. [13] studied the effect of axisymmetric imperfection in terms of 
uniformly distributed sine waves, groups of constant amplitude sine waves of varying 
wavelength and random distributions on the buckling behavior of circular cylindrical 
shells were considered. For the uniform and mixed mode distributions, it was observed 
that a critical axisymmetric wavelength existed that yielded a minimum buckling load for 
a given value of imperfection amplitude, consistent with the predictions of Koiter’s 
extended theory. 
The imperfection-sensitivity of axially compressed, long cylindrical shells with 
axisymmetric imperfections were analysed from statistical point of view by Roorda and 
Hansen [14]. Koiter’s deterministic results, relating to buckling load to imperfection 
amplitude, are used as a nonlinear transfer function between the imperfection distribution 
and the critical load distribution. The failure probability of a loaded shell is investigated 
for various imperfection statistics. 
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The effects of random axisymmetric imperfections on the buckling of circular 
cylindrical shells under axial compression were studied by Elishakoff and Arbocz [15]. 
Monte Carlo technique was utilized and large numbers of shells thus created were 
evaluated by a deterministic analysis of bucking stress. The reliability function permits to 
evaluate the design stress for the whole ensemble of shells produced by a given 
manufacturing process, defined as the stress level for which the desired reliability is 
achieved. 
Imbert [16] carried out a theoretical investigation of the effect of general 
imperfections on the buckling of a cylindrical shell under axial compression. A limit point 
analysis was performed to determine the buckling loads using a simplified imperfection 
and displacement model consisting of one axisymmetric and two asymmetric components 
with the same circumferential wave number. For the experimental data available the 
three-mode solution was found to have only a small additional effect with respect to the 
two-mode solution. In addition, by extrapolating imperfection coefficients for high wave 
numbers by means of the imperfection model, it was found that a strong interaction effect 
would exist between a low wave number axisymmetric mode and two classical 
asymmetric modes. 
A correlation study between experimental buckling loads and analytical predictions 
based on experimentally measured initial imperfections were carried out for axially 
compressed isotropic and stiffened cylindrical shells by Arbocz and Babcock [17]. The 
amplitudes of the initial imperfections used in the analysis were calculated from the 
corresponding Imbert-Donnell imperfection models. The free parameters in this 
imperfection model were obtained by least square fitting the harmonics of the 
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experimentally measured initial imperfections. It was possible in all cases to achieve 
satisfactory correlation using only a few suitably chosen deflection and imperfection 
modes. 
For analyzing the buckling of an axially loaded cylindrical shell, Hansen [18] 
considered the imperfection components corresponding to all of the classical buckling 
modes. The analysis represents an extension of Koiter’s axisymmetric solution and in the 
asymptotic sense. The results obtained reveal many interesting aspects of shell buckling 
which arise from various imperfection forms. The buckling behavior which results is 
associated with both bifurcation and limit point critical stress. 
Arbocz and Williams [19] presented the results of an extensive imperfection survey 
on a 10ft diameter integrally stiffened cylindrical shell, where modal components of the 
measured imperfection surface as a function of circumferential and axial wave numbers 
are calculated. Using fourier coefficients of the measured initial imperfections, buckling 
loads are calculated by solving the nonlinear Donnell type imperfect shell equations 
iteratively. The calculated lowest buckling load compares favorably with the values 
usually recommended for similar shell structures. 
The effects of general nonsymmetric random imperfections on the reliability of 
axially compressed cylindrical shells were studied by Elishakoff and Arbocz [20]. The 
initial imperfection functions were simulated via a numerical procedure, and the buckling 
load of each realization of the simulated initial imperfections was found by the 
Multimode Analysis. It was shown that the results of existing Initial Imperfection data 
banks can be directly incorporated in the reliability analysis. Reliability based design 
curves for shell structures were constructed from experimental information. 
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The classical buckling load of a perfect shell under axial load can be calculated by eq. 
(1.4) as given by Fung and Sechler [21] and Amazigo and Budiansky [22]. The 
assumption for eq. (1.4) to hold true is that cylindrical shell; with perfect elasticity, 
perfect initial shape and uniform wall thickness, is under compressive load fixed in axial 
direction and load is uniformly distributed along the circumference. 
2
23(1 )
cl
E tP
Rμ
=
−
                                                                                               (1.4) 
According to Roark’s formulae [23] classical buckling load for a cylindrical shell 
subjected to external pressure can be calculated as shown in eq. (1.5). 
32 2
4
2 2
10.8
1cl
Et tP
LR Rμ
⎛ ⎞= ⎜ ⎟−⎝ ⎠
                                                                       (1.5) 
Although research has been carried out on effect of imperfections on the buckling 
load from as early as last century, but ASME knockdown factor is still used for 
calculating the buckling loads. ASME knockdown empirical relations have been 
developed from the experimental testing of shells. Also there is a need to develop a 
method for calculating buckling loads when shells are used as pressure vessels and are 
subjected to external pressure or vacuum. 
Two broad variations on how this analytical work is different from the previous work 
are: firstly the buckling load calculations of shell subjected to axial compressive load is 
carried out on the random shell wall thickness values generated, and secondly the 
analysis has been extended to shell under vacuum. While the analysis of axial loading of 
shells is important from the structural point of view, shells in vacuum have always been a 
consideration when shells are used in pressure vessels. 
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1.4 Scope and Objectives 
The study aims to evaluate and verify the non-dimensional buckling load values 
provided by ASME Boiler and Pressure Vessels Code Section VIII Division 2 for 
designing the cylindrical pressure vessels subjected to axial loading and also when it is 
subjected to external pressure. Generally, ASME Code is used to determine the load 
carrying capacity of cylindrical vessel. This study also evaluates that if these pressure 
vessels are manufactured as per the ASME defined manufacturing tolerances, the 
empirical relations for calculating the Non-dimensional buckling load holds or not.  
The objective of this dissertation is to verify the empirical formulae laid out in ASME 
code and to see the validity of the ASME Code if the shells are manufactured according 
to the ASME defined manufacturing tolerances. Through this study an attempt has been 
made to unwind the theory behind calculation of non-dimensional buckling loads. Most 
of the work done in this field so far has been based on one measured data of 
imperfections in the shell and when it is subjected to compressive loading. An attempt 
has been made in this study to generate a random data of imperfections within the 
tolerance limits and then use a stochastic technique to calculate the buckling loads. 
 
1.5 Outline of Analytical Research 
This dissertation has been divided into seven chapters. Chapter II starts with the 
description of Flue Gas Desulphurization (FGD) vessel which is used as example for 
carrying out this Dissertation. Monte Carlo method is laid out and the first step of 
simulating the thicknesses of the cylindrical shells is carried out in Chapter II. Chapter III 
presents the analysis of the simulated shells under axial load assuming thickness 
variations to be axisymmetric. Imperfections that are in the form of thickness variations 
12 
 
in simulated shells are represented in form of Fourier series. Buckling loads are then 
calculated by using Koiter theory. Asymmetric analysis of simulated shells is carried out 
in Chapter IV. Thickness imperfections in the shells are represented by Double Fourier 
series. Multimode analysis is used for calculating the buckling load for the shell. Results 
are also compared with Koiter’s special theory. 
Further, buckling strength of the cylindrical shell is also studied when it is subjected 
to external pressure. Effect of imperfections on the buckling load when cylinder is 
subjected to external pressure is carried out in Chapter V. Again, Multimode analysis is 
used for calculating the buckling loads. Chapter VI covers the discussion part. Buckling 
load values and probability curves from different methods are discussed in this chapter. 
Finally, conclusions and recommendations for future research are presented in Chapter 
VII. 
 
 
 
CHAPTER 2: MONTE CARLO SIMULATION OF CYLINDRICAL SHELLS 
 
 
2.1 Introduction 
For determining critical buckling loads in pressure vessels, under different loading 
conditions, numbers of cylindrical shells having variations in shell wall thickness are 
required. This chapter lays out the methodology for simulation of cylindrical shells 
similar to the known problem example (i.e. FGD Vessel). Monte Carlo simulation 
technique is used as it provides flexibility and can include number of sources of 
uncertainty. Next the dimensions and details of FGD vessel are laid out. Shell wall 
thickness values of fifty cylinders are generated by Monte Carlo simulation technique 
that requires the use of random number generator. Random number generator used for 
simulating thicknesses of shells generates the numbers that follow uniform distribution. 
Generated shells are than compared with the actual thicknesses of FGD vessel to check 
the significance of simulated shell wall thicknesses. Cylindrical shells thus generated by 
using MathCAD code will be used in next chapters for calculation of buckling loads 
when shells are subjected to axial and lateral loads. 
 
2.2 Monte Carlo Method 
Monte Carlo method was invented by Stanislaw Ulam, a Polish born mathematician, 
in 1946 while he was determining the probabilities of winning in a card game of solitaire. 
The Monte Carlo method provides approximate solutions for many mathematical 
problems by generating random numbers and calculating what fraction of the numbers 
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obey some property or properties. Monte Carlo method is useful for examining numerical 
solutions to problems which are too complex to solve. 
Nicholas Metropolis and Stanislaw Ulam [24] presented motivation and a general 
description of Monte Carlo method dealing with a class of problems in mathematical 
physics. Monte Carlo method is, essentially, a statistical approach to the study of 
differential equations, or more generally, of integro-differential equations that occur in 
various branches of the natural sciences. 
In general Monte Carlo method can be performed by carrying out the following 
steps:- 
• Define a domain of possible inputs. 
• Generate inputs randomly from the domain and perform deterministic 
computation on them. 
• Aggregate the results. 
For analyzing the cylindrical shells the general Monte Carlo steps are modified as 
given below:- 
• Domain of possible inputs – Varies from minimum to maximum allowable 
shell wall thickness of FGD vessel as per the manufacturing tolerance laid out 
in ASME B&PV Code Section VIII Division 1 (i.e. 3/8th of an Inch. - 1/32 of 
an Inch. (Manufacturing Tolerance)). 
• Random Number Generator – MathCAD Code using runif command was used 
to generate random numbers within the domain and Multimode Analysis is 
used to analyze these generated random numbers. 
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• Reliability Function – To aggregate the results reliability function is plotted in 
order to calculate the buckling load. 
 
2.3 FGD Vessel 
The flue gas desulphurization (FGD) “vessel” is a large hybrid tank-vessel-stack 
assembly in a major Canadian refinery. The function of the FGD vessel is to contain and 
support a proprietary process that utilizes an ammonium sulphate scrubbing system to 
produce environmentally friendly air emissions. Waste ammonia is employed to scrub the 
air emissions, which eventually are discharged through a 6.1 m. diameter stack that 
extends approximately 94.2 m. above ground level. Within the hybrid FGD vessel and its 
associated components, slurry is processed from the scrubber whereby the final by-
product of the process is a granular ammonium sulphate [25]. 
The overall absorber/stack assembly is shown in Fig. 2.1. Due to the vessel height of 
approximately 94.2 m., it is readily apparent that column-type instability must be 
considered in the design of the vessel. The FGD absorber/stack assembly is utilized in a 
petroleum refinery installation and is comprised of three major structural and geometric 
sections. The bottom section resembles (in many respects) an API Standard 650 storage 
tank [26] with its 21.3 m. diameter thin wall cylindrical construction as discussed by 
Williams [27]. The maximum internal design pressure of approximately 255 kPa in the 
storage tank portion is primarily attributed to the linearly varying hydrostatic load within 
the tank. The middle section of the FGD absorber/stack is comprised of both cylindrical 
and conical pressure vessels that are subjected to pressures ranging from –1.86 to 3.72 
kPa. These intermediate sections are designed in accordance with the ASME Boiler and 
Pressure Vessel Code, Section VIII, Division 2 [28]. The third and upper most section is 
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comprised of multiple ring-stiffened sections of decreasing wall thicknesses as a function 
of elevation and resembles an ASME STS-1 stack [29]. Because the height of the FGD 
absorber/stack exceeds 91.4 m. in combination with tank diameters of approximately 21.3 
m., wind loads, self-weight, and platform loads become a significant consideration in the 
design of the entire assembly. The aforementioned dead and live loads create both tensile 
and compressive stresses that must be combined with the stresses associated with both 
positive and negative internal pressures along the length of the hybrid FGD 
absorber/stack [30]. The compressive stresses in the tall, slender portion of the FGD (i.e., 
the stack) are the most obvious motivating forces for considering a buckling type failure. 
 
FIGURE 2.1: FGD Vessel/Stack 
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The cylindrical shell under study is the lower portion of stack of FGD vessel. FGD 
vessel stack has internal diameter of 6.1m, height of 45.339m and wall thickness of 
9.525mm (0.375in.). The various dimensions and properties of FGD stack are shown in 
Table 2.1. 
TABLE 2.1: Technical Specifications of FGD Stack Shell 
 
Property Value 
Shell Wall Thickness, t 3/8 in. 
Length of Stack, L 312 in. 
Internal Radius of Shell, R 120 in. 
Young’s Modulus, E 3 x 107 psi 
Poisson’s Ratio, µ 0.31 
 
Initial imperfections in FGD stack is in the form of wall thickness variations. Table 
2.2 below shows the shell wall thickness values of the FGD stack. 
TABLE 2.2: Shell Wall Thickness (in.) of FGD Stack Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.360 0.358 0.363 0.382 0.357 0.366 0.355 0.375 0.379 0.371 0.365 0.376 
30 0.381 0.374 0.370 0.373 0.386 0.368 0.362 0.374 0.371 0.378 0.374 0.359 
60 0.373 0.371 0.387 0.357 0.366 0.376 0.357 0.369 0.376 0.381 0.366 0.376 
90 0.363 0.371 0.373 0.371 0.363 0.368 0.374 0.346 0.349 0.371 0.363 0.360 
120 0.375 0.359 0.377 0.359 0.367 0.353 0.375 0.373 0.382 0.355 0.365 0.358 
150 0.373 0.373 0.374 0.367 0.368 0.367 0.381 0.361 0.360 0.381 0.365 0.351 
180 0.352 0.362 0.362 0.376 0.362 0.379 0.377 0.361 0.377 0.365 0.374 0.367 
210 0.364 0.371 0.385 0.373 0.376 0.372 0.369 0.378 0.378 0.376 0.370 0.351 
240 0.372 0.375 0.377 0.365 0.354 0.379 0.376 0.362 0.366 0.359 0.373 0.366 
270 0.376 0.369 0.372 0.364 0.365 0.376 0.361 0.376 0.345 0.372 0.380 0.360 
300 0.373 0.368 0.380 0.361 0.364 0.368 0.361 0.372 0.369 0.358 0.367 0.364 
330 0.365 0.368 0.361 0.355 0.375 0.366 0.370 0.373 0.363 0.374 0.357 0.360 
 
 
Flue Gas Desulphurization (FGD) Vessel has been taken as an example in this study 
as vessel is subjected to elastic instability due to wind loads and self weight creating both 
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tensile and compressive stresses. Lower part of the FGD vessel has been taken for 
analysis as this part has maximum loading from the above structure, so making it critical. 
Also the shell wall thickness values of lower part of FGD stack were available, which 
gave us opportunity to check the simulated wall thickness values. 
 
2.4 Simulation of Cylinders 
An initial imperfection in FGD vessel is in the form of shell wall thickness variations. 
For calculation of buckling loads, 50 cylindrical shells (GB1-GB50) were simulated 
using MathCAD code. The code uses linear congruence method for generation of random 
numbers. As per the ASME Boiler and Pressure Vessel Code Section VIII Division 1 
Rules [28], “The reduction in thickness shall not exceed 1/32 in. (1mm) or 10% of the 
nominal thickness of the adjoining surface, whichever is less”. Therefore, shell wall 
thickness can vary from 0.344 in. to 0.375 in. Total 144 readings were generated for each 
shell, 12 readings axially and 12 circumferentially at each elevation. Table A.1 to Table 
A.50 in APPENDIX A gives generated shell wall thickness values for 50 GB shells. 
Shell wall thickness values thus generated represent asymmetric imperfection and can 
be converted into axisymmetric imperfections by taking arithmetic mean of all values at a 
particular elevation. Fourier cosine series will be used to represent the shell wall 
thickness variation in GB shells for axisymmetric analysis. Double Fourier series will be 
used to represent the asymmetric part of the wall variations. 
Fig. 2.2 shows the asymmetric variations in shell wall thickness for GB8 shell. 
Asymmetric data can be transformed into axisymmetric form and is shown in Fig. 2.3. 
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FIGURE 2.2: Asymmetric Variation of Shell Wall Thickness for GB8 Shell 
 
 
FIGURE 2.3: Axisymmetric Variation of Shell Wall Thickness for GB8 Shell 
 
2.5 Test of Significance 
In order to confirm that simulated shells agree to the actual thickness values of FGD 
vessel, a test of significance is required. Chi-square (Χ2) test was performed on 50 
simulated GB shells. Chi-square is a statistical test in which data from two sources can be 
confirmed for dependence. The primary purpose of Chi-square test is to compare some 
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observed values to the expected values. The hypothesis is that whether the two values, 
simulated values and actual values of the shell wall thickness, are independent or not. Eq. 
(2.1) gives the formulae for calculating chi-square values. 
                                                                    (2.1) 
Table 2.3 below shows the calculated values of Chi-square for 50 GB shells. The 
observed values are the simulated shell wall thickness values and expected values are 
actual shell wall thickness values of FGD vessel. 
TABLE 2.3: Chi-square Values of 50 Simulated GB Shells 
GB Shell Χ2 GB Shell Χ2 
1 0.086047 26 0.080492
2 0.103374 27 0.100526
3 0.077122 28 0.092959
4 0.084597 29 0.085310
5 0.087396 30 0.078433
6 0.100768 31 0.099195
7 0.074817 32 0.093571
8 0.090447 33 0.087313
9 0.097611 34 0.085892
10 0.094665 35 0.087560
11 0.094213 36 0.095190
12 0.089677 37 0.085603
13 0.085851 38 0.090093
14 0.086000 39 0.080526
15 0.058150 40 0.082524
16 0.093256 41 0.073814
17 0.087609 42 0.100694
18 0.081147 43 0.081849
19 0.076015 44 0.080976
20 0.084279 45 0.089812
21 0.086502 46 0.090257
22 0.077483 47 0.088338
23 0.100936 48 0.095117
24 0.078848 49 0.088555
25 0.088142 50 0.078080
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To summarize, a plot between Chi-square value and GB shell is shown in Fig. 2.4. 
 
FIGURE 2.4: Chi-square (Χ2) Values for 50 Simulated GB Shells 
The maximum value of Chi-square comes out to be that of GB2 Shell i.e. 0.103374. 
The value of probability, taking level of significance of 1% and degree of freedom to be 
143, comes out to be 0.9999. This means that there is 99.99% chance that actual data of 
FGD shell wall thickness can be simulated. 
 
2.6 Summary 
In this chapter, shell wall thicknesses for 50 shells named as GB1 to GB50 were 
simulated using random number generator (runif command) in MathCAD code. The runif 
command takes total number of random numbers to be generated, maximum and 
minimum values and generates random numbers that follow normal distribution. The 
shell wall thicknesses generated were checked against the actual wall thicknesses of FGD 
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vessel by Chi-square test. Chi-square test shows that there is 99.9% probability of 
generating the actual FGD shell wall thickness values. 
GB shells generated with shell wall thickness variations in this Chapter will be 
analyzed to calculate the non-dimensional buckling load values in proceeding Chapters. 
In Chapter III, axisymmetric analysis of GB shells subjected to axial load is carried out 
by representing shell wall thickness variations as cosine Fourier series. Chapter IV gives 
asymmetric analysis for calculation of buckling loads due to axial loading of GB shells, 
when thickness variations are represented as a double Fourier series. Simulated GB shells 
are analyzed under vacuum in Chapter V. 
 
 
 
CHAPTER 3: AXISYMMETRIC ANALYSIS OF AXIAL END LOAD ON 
CYLINDRICAL SHELL 
 
 
3.1 Introduction 
It is known that presence of geometric imperfections reduces the load carrying 
capacity of cylindrical shells when subjected to axial end load. In this Chapter, non-
dimensional buckling load is calculated for GB shells simulated by Monte Carlo 
technique in the last chapter. The simulated GB shells contain imperfections in the form 
of variations in shell wall thickness. Shell wall thickness varies in simulated GB shells in 
axial direction as well as in circumferential direction. Imperfections in this Chapter are 
treated to be axisymmetric i.e. varying in only axial direction. Cosine Fourier series is 
used to represent this axisymmetric imperfection. Non-linear transfer function as 
proposed by Koiter is used for calculating the buckling loads. Results obtained will then 
be compared to non-dimensional buckling load values obtained by Koiter’s special 
theory. 
 
3.2 Theory 
Solution of thin cylindrical shell containing axisymmetric thickness variations while 
subjected to an axial end load, the reliability approach employs the simulation of number 
of shells using Monte Carlo technique, calculation of buckling loads using Koiter’s 
special theory [12], and calculation of non-dimensional buckling load (λ) based on 
reliability function. Similar to the method described by Elishakoff et al. [31], any initial 
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imperfection can be represented by series of cosines and sines. A review of the 
previously defined work [31] indicated numerous errors in the formulations and figures 
as published in the open literature, thereby creating the necessity to revisit the bases for 
the results as described by the authors. With this in mind, as given by Elishakoff and 
Arbocz [20] and Arbocz and Williams [19], the initial imperfection function Wn(ξ,θ) can 
be represented as shown in eq. (3.1): 
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The chosen coordinate system for the cylindrical shell utilizes axial (x) and 
circumferential (y) coordinates. In addition, ai, bkl and ckl are Fourier coefficients of the 
respective terms. Eq. (3.2) gives the relation of non-dimensional numbers ξ and θ with 
the axial and circumferential coordinates. 
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= ≤ ≤
                                                                                                      (3.2) 
The length and radius of the cylindrical shell are represented by L and R. The first 
half range cosine series summation term in eq. (3.1) denotes the axisymmetric part of 
imperfection and second half range sine series summation term denotes the non-
symmetric part. As in this chapter only axisymmetric imperfections are to be dealt with 
eq. (3.1) reduces to eq. (3.3): 
0
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The mean of the Fourier coefficients of N simulated shells is determined by eq. (3.4): 
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The elements of variance-covariance matrix are calculated by eq. (3.5): 
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The simulation process should be checked by the auto-covariance function of the 
simulated N shells. The auto-covariance function Rw0(x1,x2) is then given by eq. (3.6) and 
has to be compared to the auto-covariance function of the initial sample. The auto-
covariance function gives a measure of linear association between two variables of the 
same process. The prefix ‘auto’ means a reflexive act on oneself, and thus auto-
covariance is the covariance that the process has with itself. 
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Once the auto-covariance function of the simulated shells agrees with the actual shell 
and variance-covariance matrix has been investigated to be dominated by lower order 
buckling modes, the next step is to calculate buckling load for each simulated shell. 
Consider the initial imperfection in shell wall thickness of the form shown in eq. (3.7): 
( )0 cosi
i xw x t
L
πξ ⎛ ⎞= ⎜ ⎟
⎝ ⎠
                                                                                               (3.7) 
In eq. (3.7), ξi is the magnitude of the imperfection as a fractional value of the shell 
wall thickness. Ingeter, i represent the number of half waves in axial direction. For 
calculating the buckling load, assume buckling mode as shown in eq. (3.8), where k 
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represent number of half waves in axial direction and l represents number of full waves in 
circumferential direction. 
( ), sin coskl
k x lyw x y tb
L R
π⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
                                                                    (3.8) 
The non-linear transfer function as shown in eq. (3.9) is then solved for various 
values of i and l to reach the buckling load value. The trick for solving eq. (3.9) is that l 
should be an integer, i should be an even integer and ξi must be negative. Eq. (3.9) is then 
solved for non-dimensional buckling load (λ) for each value of i and l. The minimum 
value of non-dimensional buckling load is the critical buckling load for that shell. 
The terms in eq. (3.9) are defined in eq. (3.10). The critical buckling loads for N 
simulated shells can be represented in a reliability v/s non-dimensional buckling load plot 
and critical non-dimensional buckling load at desired reliability can be calculated as 
given in Elishakoff [32]. Also, absolute difference between calculated value and 
theoretical value can be calculated according to Kolmogorov-Smirnov test of goodness of 
fit as given by Massey [33]. 
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3.3 Test of Simulated Cylindrical Shells 
For calculation of buckling load, 50 cylindrical shells (GB1-GB50) were simulated 
using MathCAD code as listed in Table A.1 to Table A.50 in APPENDIX A. 
The initial axisymmetric imperfections are represented by eq. (3.3) and Fourier 
coefficients were calculated. Table B.1 in APPENDIX B shows first eleven Fourier 
coefficients for GB Shells. Then sample mean was calculated using eq. (3.4) and are 
listed in Table B.1 in APPENDIX B. The elements of variance-covariance matrix were 
calculated using eq. (3.5) and are shown in Table C.1 in APPENDIX C. For 25 GB Shells 
variance-covariance matrix comes out to be matrix of 25X25. As can be seen from the 
matrix the maximum peaks are at the diagonal elements and as one moves away from the 
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diagonal elements the peaks vanishes, therefore the simulated shells do not follow 
classical axisymmetric buckling mode. 
The auto-covariance function which gives the measure of linear association between 
two variables was calculated by eq. (3.6) using MathCAD code. Fig. 3.1 shows the auto-
covariance function for GB Shells. The plot is non-uniform and thus concludes that the 
initial imperfections of GB shells make up non-homogenous random fields. 
 
FIGURE 3.1: Auto-covariance Function for GB Shells 
 
 
3.4 Calculation of Predicted Minimum Buckling Loads 
Buckling loads for 50 GB Shells were calculated using eq. (3.9) by MathCAD code. 
A column plot showing number of buckled shells for specific values of non-dimensional 
buckling load (λ) are shown in Fig. 3.2. This plot will be used for calculating the 
reliability function from which experimental value of non-dimensional buckling load can 
be calculated. 
Fig. 3.3 shows the reliability function for 50 GB Shells. The value of non-
dimensional buckling load (λ) can be calculated at any desired reliability from this curve. 
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If the desired reliability is 0.95, then the non-dimensional buckling load (λ) comes to be 
0.880. Depending on the sample size, there is difference in obtained value and theoretical 
value. From Table 1 of Massey [33] it can be concluded that for 50 sample sizes and 0.05 
level of significance, absolute difference between calculated and theoretical value is 0.19. 
So, the value of non-dimensional buckling load (λ) comes to be (0.880-0.19) that is 
0.690. 
 
FIGURE 3.2: Non-dimensional Buckling Loads for 50 GB Shells (Axisymmetric 
             Fourier Analysis) 
 
 
FIGURE 3.3: Calculated Reliability Function V/S Non-dimensional Buckling Load 
       (Axisymmetric Fourier Analysis) 
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3.5 Predicted Buckling Loads by Koiter’s Theory 
Buckling loads can also be calculated for FGD vessel by Koiter method as illustrated 
in Koiter [12]. Koiter derived a second order quadratic equation for determining λ 
considering nonlinear equations of shallow shell theory, which may be linearized for the 
investigation of neutral equilibrium in the symmetric configuration. Koiter considered 
only those buckling modes which are periodic in the axial direction as well as in the 
circumferential direction.  
( )22 1 3 0cλ ξλ− − =          (3.11)                       
   
 
Buckling loads for 50 GB Shells were calculated by finding the eigenvalues of the eq. 
(3.11) and values are shown in Table D.1 in APPENDIX D and summarized in Fig. 3.4 
shown below. Furthermore, the reliability function of 50 GB Shells is shown in Fig. 3.5. 
 
FIGURE 3.4: Non-dimensional Buckling Loads for 50 GB Shells (Koiter 
              Axisymmetric Theory) 
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FIGURE 3.5: Calculated Reliability Function V/S Non-dimensional Buckling Load 
        (Koiter Axisymmetric Theory) 
 
 
3.6 Summary 
Analysis of GB shells subjected to axial compressive end load considering shell wall 
thickness variations to be axisymmetric was carried out in this Chapter. Thickness 
variations were represented by coefficients of cosine Fourier series. Fourier coefficients 
associated with the imperfections were determined and variance-covariance matrix and 
auto-covariance function were determined to check the similarities between the simulated 
GB Shells. Reliability function curves are drawn by non-linear transfer function and 
Koiter’s special theory techniques. Results obtained will be compared to ASME Boiler 
and Pressure Vessel Section VIII Division 2 Rules in Chapter VI. The load carrying 
capacity of the shell is reduced by 12% by Fourier series technique due to the presence of 
variations in shell wall thickness. Axial load reduces by 29% according to Koiter’s 
special theory. Analysis is further extended in next Chapter to asymmetric form, which 
considers shell wall thickness variations in both axial and circumferential direction. 
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CHAPTER 4: ASYMMETRIC ANALYSIS OF AXIAL END LOAD ON 
CYLINDRICAL SHELL 
 
 
4.1 Introduction 
Reduction of buckling load for axial end load cylindrical shell having axisymmetric 
imperfections was studied in last Chapter. It was observed that load carrying capacity of 
GB shells reduced by 12% due to axisymmetric variations in shell wall thickness of 
simulated GB shells. In order to get clearer picture of effect of variations in shell wall 
thickness on load carrying capacity of GB shells detailed analysis considering variations 
to be asymmetric needs to be carried out. In this Chapter, non-dimensional buckling load 
is calculated for GB shells simulated by Monte Carlo technique considering 
imperfections to be asymmetric. Shell wall thickness is considered to vary in simulated 
GB shells in axial direction as well as in circumferential direction. Double Fourier series 
is used to represent this asymmetric imperfection. Multi-mode analysis is used for 
calculation of non-dimensional buckling loads. Results obtained will then be compared to 
non-dimensional buckling load values obtained by Koiter’s special theory. Reliability 
function curves are drawn so that buckling load values can be calculated at any desired 
level of confidence. 
 
4.2 Theory 
The reliability approach for analysis of thin cylindrical shells, containing small 
asymmetric thickness variations while subjected to an axial end load, employs the 
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simulation of number of shells using Monte Carlo technique, calculation of buckling 
loads using Multimode analysis, and calculation of non-dimensional buckling load (λ) 
based on reliability function. Similar to the method described by Elishakoff et al. [31], 
any initial imperfection can be represented by series of cosines and sines. The initial 
imperfection function Wn(ξ,θ) can be represented as shown in eq. (3.1) and again shown 
below as eq. (4.1) as given by Elishakoff and Arbocz [20] and Arbocz and Williams [19]: 
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The first summation term in eq. (4.1) denotes the axisymmetric part of imperfection 
and second double summation term denotes the non-symmetric or asymmetric part. 
Equation (4.1) can also be written in a more simplified way as shown in eq. (4.2): 
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The index, r is selected so that eq. (4.1) can be represented by eq. (4.2) and also N = 
N2xN3. The means of the Fourier coefficients of N simulated shells is determined by eq. 
(4.3): 
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where, 
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The elements of variance-covariance matrix are calculated by eq. (4.5): 
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The simulation process should be checked by the auto-covariance function of the 
simulated N shells. The auto-covariance function Cw0(ξ1,θ1,ξ2,θ2) is then calculated by eq. 
(4.6) and has to be compared to the auto-covariance function of the initial sample. The 
auto-covariance function gives a measure of linear association between two variables of 
the same process.  
Once the auto-covariance function of the simulated shells agrees with the actual shell 
and variance-covariance matrix has been investigated, the next step is to calculate 
buckling load for each simulated shell using multi-mode analysis [17].  
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The auto-covariance function Cw0(ξ1,θ1,ξ2,θ2) can be written in simplified form as: 
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(4.7) 
The critical buckling loads for 50 simulated GB shells can be represented in a 
reliability v/s non-dimensional buckling load plot and critical non-dimensional buckling 
load at desired reliability can be calculated. 
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4.3 Simulated Cylindrical Shells 
4.3.1 GB shells 
Initial imperfections in 50 GB shells are in the form of wall thickness variations that 
vary in both axial and circumferential direction. Fifty cylindrical shells (GB1-GB50) as 
simulated using MathCAD code in Chapter II are considered to have asymmetric 
imperfections and are used to predict the non-dimensional buckling load. These shells are 
similar to FGD vessel and were simulated as per manufacturing tolerances laid out in 
ASME Boiler and Pressure Vessel Code Section VIII Division 2 Rules. Table A.1 to 
Table A.50 in APPENDIX A gives generated shell wall thickness values for GB shells. 
Each GB shell have 144 shell wall thickness values, consisting of 12 readings axially and 
12 circumferentially at each elevation.  
4.3.2 Koiter circle 
Koiter circle gives the relation between the wave numbers k and l. For, an axially 
loaded cylinder, Koiter circle depends on length, radius and thickness of shell. The 
circumferential wave number, l must be an integer, while axial wave number, k can take 
any value. According to the classical theory all the combination of wave numbers on the 
Koiter circle are possible. The minimum critical load occurs for modes that satisfy the 
condition shown in eq. (4.8) [34]. This equation also governs the Koiter circle as shown 
in Fig. 4.1.  
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where, 
,k lA B
L R
π= =                                                                                                         (4.9) 
From the Koiter circle it is clear that k, number of half waves in axial direction can 
take values from 1 to 27 and l, number of full waves in circumferential direction can take 
values from 1 to 16. 
0 10 20
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l
k  
FIGURE 4.1: Koiter Circle for FGD Vessel (L/R=2.6, R/t=320) 
 
4.3.3 Fourier coefficients 
The initial asymmetric imperfections are represented by eq. (4.10) and Fourier 
coefficients were calculated. Table E.1 and Table E.2 in APPENDIX E shows the Fourier 
coefficient’s for GB1 Shells.  
[ ]
27 16
1 0
( , ) sin( ) os( ) in( )n kl kl
k l
W k C c l D s lξ θ πξ θ θ
= =
= +∑∑
                       (4.10)
 
Fig. 4.2 and Fig. 4.3 shows the variation of the half wave sine Fourier series as a 
function of circumferential wave number, l and axial half wave number, k, respectively. 
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4.4.1 Buckling load maps 
The buckling loads were calculated for a perfect cylindrical shell using classical 
simply supported boundary conditions. These maps are then used to determine the 
dominant mode shape. Table F.1 in APPENDIX F shows the classical buckling load map 
for GB1 shell. 
4.4.2 Coupling of modes 
From literature, it has been shown that coupling between one axisymmetric mode 
with wave number (i,0) and two asymmetric modes with wave numbers (k,l) and (m,n) 
will occur, if the relation i=׀k±l׀ and l=n are satisfied. For the degenerate case of one 
axisymmetric (i,0) and one asymmetric (k,l) the coupling conditions reduce to the single 
relation i=2k. Further it has been found that coupling between three asymmetric modes 
with wave numbers (k,l), (m,n) and (p,q) will occur if the relations k+m+p=odd integer 
and q=׀l±n׀ are satisfied. If these coupling conditions are satisfied, then the resulting 
buckling load of the shell is generally lower than the buckling load each mode is 
considered separately. 
For analysis of cylindrical shells subjected to axial loading multi-mode analysis 
considering 8-mode is used. The selected 8-modes are shown as tree in Fig. G.1 in 
APPENDIX G. Donnell’s non-linear eq. (1.3) is then used to calculate buckling load for 
each GB Shell. 
4.4.3 Calculation of buckling load 
A column plot showing number of buckled shells for specific values of non-
dimensional buckling load (λ) are shown in Fig. 4.4. This plot will be used for calculating 
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the reliability function from which experimental value of non-dimensional buckling load 
can be calculated.  
Fig. 4.5 shows the reliability function for 50 GB Shells. The value of non-
dimensional buckling load (λ) can be calculated at any desired reliability from this curve. 
If the desired reliability is 0.95, then the non-dimensional buckling load (λ) comes to be 
0.61. 
 
FIGURE 4.4: Non-dimensional Buckling Loads for 50 GB Shells (Multimode) 
 
FIGURE 4.5: Calculated Reliability Function V/S Non-dimensional Buckling Load 
        (Multimode) 
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4.5 Predicted Buckling Loads by Koiter’s Theory 
Buckling loads can also be calculated for GB shells by Koiter method as illustrated in 
Ref. [12]. Koiter assumed that if for an isotropic shell the initial imperfections are 
represented by the 3 modes as shown in eq. (4.11)  
1 2
1 2
(cos 2 sin cos 2 sin coscl clcl
i iW t i x k x ly k x ly
k k
ξ= + −
              (4.11)  
where,  
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⎝ ⎠                                                                                                 (4.12) 
and k1 and k2 are the two roots of the quadratic equation
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Koiter derived a second order quadratic equation for determining λ considering 
nonlinear equations of shallow shell theory, which may be linearized for the investigation 
of neutral equilibrium in the symmetric configuration. Koiter considered only those 
buckling modes which are periodic in the axial direction as well as in the circumferential 
direction.  
( )21 6 0cλ ξλ− + =                                                                                             (4.14)
 
Buckling loads for 50 GB Shells were calculated by finding the eigenvalues of the eq. 
(4.14) and values are shown in Table H.1 in APPENDIX H and summarized in Fig. 4.6 
shown below. Furthermore, the reliability function of 50 GB Shells is shown in Fig. 4.7.  
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FIGURE 4.6: Non-dimensional Buckling Loads for 50 GB Shells (Koiter 
            Asymmetric Theory) 
 
 
FIGURE 4.7: Calculated Reliability Function V/S Non-dimensional Buckling Load 
       (Koiter Asymmetric Theory) 
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4.6 Summary 
Simulated GB shells were analyzed considering shell wall thickness variations to be 
asymmetric. Double Fourier sine series was used to represent thickness variations. Sine 
series is used in comparison to cosine series as with sine series less number of Fourier 
coefficients are required to represent the thickness variations. Buckling load map was 
formed by calculating the buckling load for all combinations of k and l values. Lowest 
possible failure mode was determined and 8-mode failure was considered by considering 
the interaction of different modes. Buckling load was calculated by considering failure of 
shells in this 8-mode fashion. By asymmetric analysis, the load carrying capacity of the 
shell is reduced by 39% by Fourier series technique due to the presence of variations in 
wall thickness. Koiter’s special theory gives the axial load reduction value of 49%. 
After analysis of shells under axial compression, Chapter V considers the shell under 
vacuum or external pressure. The analysis of shells in vacuum is more important from 
Mechanical point of view as these shells are often used as pressure vessels. 
 
 
 
CHAPTER 5: ANALYSIS OF EXTERNAL PRESSURE ON CYLINDRICAL SHELL 
 
 
5.1 Introduction 
Effects of imperfections in shell wall of cylindrical shells were studied in previous 
chapters of this dissertation. Cylindrical shells geometrically similar to FGD vessel were 
simulated and analysis under axial end load was carried out. This dissertation would be 
incomplete without the analysis of cylindrical shell under vacuum or external pressure 
which is important from mechanical point of view. In this Chapter, non-dimensional 
buckling load is calculated for GB shells simulated by Monte Carlo technique when 
shells are subjected to external pressure only. Imperfections in this Chapter are treated to 
be asymmetric i.e. varying in both axial and circumferential direction. Double Fourier 
series is used to represent this asymmetric imperfection. Fourier coefficients as calculated 
in the last chapter are used for analysis of shells under external pressure. Multi-mode 
analysis is again used for calculation of non-dimensional buckling loads. Donnell’s 
linearized buckling equation for thin cylindrical shell which does not include the effect of 
pre-buckling and post-buckling is used to predict the non-dimensional buckling load 
when shells are subjected to external pressure or vacuum only. Reliability function curves 
are drawn so that buckling load values can be calculated at any desired level of 
confidence. 
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5.2 Simulated Shells 
5.2.1 GB shells 
For calculation of non-dimensional buckling load in case of shells subjected to 
external pressure or vacuum, 50 cylindrical shells (GB1-GB50) simulated by MathCAD 
code in Chapter II are used. Initial imperfections in simulated GB shells are shell wall 
thickness variations. As asymmetric analysis is to be carried out on GB shells variation of 
thickness values in both axial and circumferential direction are taken into consideration. 
Table A.1 to Table A.50 in APPENDIX A gives generated shell wall thickness values for 
GB shells. 
5.2.2 Fourier coefficients 
The initial asymmetric imperfections are represented by double Fourier sine series. 
For calculation of non-dimensional buckling load, the first step is calculation of Fourier 
coefficients. Fourier coefficients Ckl and Dkl as represented in eq. (5.1) were determined 
in chapter IV and these coefficients for GB1 shell are listed in Table E.1 and Table E.2 in 
APPENDIX E. The relation of non-dimensional numbers ξ and θ with axial and 
circumferential coordinates are given in eq. (5.2) 
[ ]( , ) sin( ) os( ) in( )n kl kl
k l
W k C c l D s lξ θ πξ θ θ= +∑∑
                           (5.1)
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5.3 Calculation of Predicted Minimum Buckling Loads 
Buckling loads for 50 GB Shells was calculated using Multi-mode method [17] using 
MathCAD code. 
5.3.1 Buckling load maps 
Buckling load maps consists of buckling loads for different modes i.e. different 
combinations of wave numbers in axial and circumferential direction. The buckling loads 
were calculated for a perfect cylindrical shell subjected to external pressure and using 
classical simply supported boundary conditions as given by Donnell and shown in eq. 
(5.3): 
( ) ( )4 4 4 , , ,2 0yy yy xx xx xxxxEtD w N w N w wR∇ ∇ − ∇ + + =                              (5.3) 
where, D is bending stiffness given by eq. (5.4) and 4w∇  is given by eq. (5.5)       
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3
212 1
EtD
μ
=
−
                                                                                                 (5.4)
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2 1
xxxx xxyy yyyyw w w wR R
∇ = + +
                                     (5.5)
 
The imperfections are assumed to follow the double Fourier sine series as sown in eq. 
(5.6). These maps are then used to determine the dominant mode shape. Table I.1 in 
APPENDIX I shows the classical buckling load map for GB1 shell when shells are 
subjected to external pressure. 
 
               (5.6)  
k x ly k x lyw C sin cos D sin sinkl klL R L R
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5.3.2 Coupling of modes 
Modes are coupled in similar way as done in the case of cylindrical shells under axial 
load in Chapter IV. Coupling between one axisymmetric mode with wave number (i,0) 
and two asymmetric modes with wave numbers (k,l) and (m,n) will occur, if the relation 
i=׀k±l׀ and l=n are satisfied. For the case of one axisymmetric (i,0) and one asymmetric 
(k,l) the coupling conditions reduce to the single relation i=2k. The coupling between 
three asymmetric modes with wave numbers (k,l), (m,n) and (p,q) will occur if the 
relations k+m+p=odd integer and q=׀l±n׀ are satisfied. If these coupling conditions are 
satisfied, then the resulting buckling load of the shell is generally lower than the buckling 
load each mode is considered separately. The use of above conditions gave a 8-mode 
failure mode that is used for calculating the non-dimensional buckling load. 
5.3.3 Calculation of Buckling Load 
Donnell’s linearized equation is again used for calculating the buckling load of GB 
shells subjected to external pressure. Initial imperfection, w is assumed to follow 8-mode 
fashion. A 8-mode deformation mode as shown in Fig. J.1 in APPENDIX J is considered 
for calculating the non-dimensional buckling loads when shells are subjected to external 
pressure. 
A column plot showing number of buckled shells for specific values of non-
dimensional buckling load (λ) are shown in Fig. 5.1. This plot will be used for calculating 
the reliability function from which experimental value of non-dimensional buckling load 
can be calculated. 
Fig. 5.2 shows the reliability function for 50 GB Shells. The value of non-
dimensional buckling load (λ) can be calculated at any desired reliability from this curve. 
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If the desired reliability is 0.95, then the non-dimensional buckling load (λ) comes to be 
0.89. 
 
FIGURE 5.1: Non-dimensional Buckling Loads for 50 GB Shells  
              (Shells Subjected to External Pressure) 
 
 
 
FIGURE 5.2: Calculated Reliability Function V/S Non-dimensional Buckling Load 
        (Shells Subjected to External Pressure) 
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5.4 Summary 
Analysis of the GB shells subjected to external pressure or vacuum considering shell 
wall thickness variations to be asymmetric was carried out in this Chapter. Double 
Fourier sine series was used to represent thickness variations. Buckling load map was 
formed by calculating the buckling load for all combinations of wave numbers in axial 
and circumferential directions. Lowest possible failure mode was determined and 8-mode 
failure was considered by considering the interaction of different modes. Buckling load 
was calculated by considering failure of shells in 8-mode fashion. The load carrying 
capacity of the shells subjected to external pressure is reduced by 11% by Fourier series 
technique due to the presence of variations in shell wall thickness. 
Chapter VI covers the comparison of results from Fourier series method, Koiter’s 
special theory and ASME Boiler and Pressure Vessel Code Section VIII Division 2 Rules 
when shells are subjected to axial end load and external pressure. 
 
 
 
CHAPTER 6: RESULTS AND COMPARISON WITH ASME B&PV CODE 
 
 
6.1 Introduction 
Fifty simulated shells similar to FGD vessel, generated by using random numbers, 
were analyzed by Fourier series technique, Koiter’s special theory and ASME B&PV 
Code Section VIII Division 2 Rules. Non-dimensional buckling loads were calculated for 
generated shells when subjected to axial loading and external pressure. This chapter 
enlists the results when shells were analyzed under different loading conditions and by 
different techniques. It was found that ASME B&PV Code provides adequate factor of 
safety when shells with imperfections are subjected to axial compressive load and 
external pressure. This Chapter also provides discussions of results obtained when 
imperfections were considered to be axisymmetric and asymmetric. Comparisons are also 
made between three different techniques employed in this dissertation i.e. Monte Carlo 
method, Koiter’s special theory and ASME B&PV Code. Discussions related to behavior 
of shells under axial compressive load and external pressure is also carried out. 
 
6.2 Results 
As per ASME B&PV Code Section VIII Division 2 Rules [28], capacity reduction 
factors (β) that accounts for shape imperfections must be applied to the allowable 
stresses. Eq. (6.1) is used to calculate the capacity reduction factor for unstiffened 
cylinders subjected to axial compression loading. 
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The ratio D0/t for FGD Stack comes out to be 642. Thus, using eq. (6.1) the value of β 
comes out to be 0.328. 
The classical buckling load for FGD vessel under axial compressive load by eq. (1.4) 
comes out to be 56.75ksi. This load carrying capacity will be reduced due to presence of 
imperfections. The results obtained from the evaluation of non-dimensional buckling load 
by Koiter Formulae, Monte Carlo techniques and ASME B&PV Code leads to Table 6.1. 
These results show that the effect of shell wall thickness variation on buckling load 
deserves special attention. Thus, in the absence of initial geometric imperfection, this 
particular kind of thickness variation may constitute the most important factor in the 
buckling load reduction. 
TABLE 6.1: Buckling Loads for FGD Vessel Subjected to Axial Compressive Load 
Buckling Loads derived for different techniques 
ASME B&PV Code 0.328 
Asymmetric (Monte Carlo) 0.610 
Asymmetric (Koiter) 0.510 
Axisymmetric (Koiter) 0.710 
Axisymmetric (Monte Carlo) 0.880 
 
For simulated shells, non-dimensional buckling load (λ) comes out to be 0.880 by 
Monte Carlo technique considering axisymmetric analysis. It means that due to presence 
of shell wall thickness variation as a result of non-repeatability in manufacturing process 
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even within tolerance limits, the load carrying capacity of shell under axial compressive 
loading decreases by 12%. If more detailed analysis is carried out considering 
imperfections to be Asymmetric the non-dimensional buckling load decreases to 0.61, 
reducing the load carrying capacity of FGD vessel by 39%. 
According to ASME B&PV Code Section VIII Division 2 Rules, Capacity Reduction 
Factor (β) that accounts for shape imperfections for pressure vessels subjected to external 
pressure is given by eq. (6.2) as shown below:- 
0.8β =                                                                (6.2) 
The results obtained from the evaluation of non-dimensional buckling load when 
FGD vessel is subjected to axial compression by Monte Carlo techniques and ASME 
B&PV Code leads to Table 6.2. For simulated shells under external pressure, non-
dimensional buckling load comes out to be 0.89 by Monte Carlo technique considering 
Asymmetric Analysis making 11% decrease. The load carrying capacity of shell under 
external pressure decreases by 20% according to ASME Boiler and Pressure Vessel Code 
Section VIII Division 2 Rules. 
TABLE 6.2: Buckling Loads for FGD Vessel Subjected to External Pressure 
Buckling Loads derived for different techniques 
ASME B&PV Code 0.80 
Asymmetric (Monte Carlo) 0.89 
 
6.3 Comparison of Results With B&PV Code Section VIII Division 2 Rules 
 
Simulated shells under axial compressive load and external pressure were analyzed 
by Koiter’s special theory, Monte Carlo technique and ASME Boiler and Pressure Vessel 
Code. Comparison can be drawn between axisymmetric and asymmetric analysis. Also 
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comparison between Koiter’s special theory, Monte Carlo technique and ASME B&PV 
Code are made in subsections below.  
6.3.1 Comparison between axisymmetric and asymmetric analysis 
The variations in simulated shells were first considered to be axisymmetric (i.e. shell 
wall thickness does not vary in circumferential direction) and then shell wall thickness 
variations were considered to be asymmetric (i.e. varying in both axial and 
circumferential direction). Fig. 6.1 shows the reliability curves for axisymmetric and 
asymmetric analysis by Monte Carlo technique. There is a difference of around 28% in 
the reduction of buckling loads when variations are treated as axisymmetric and when 
treated as asymmetric by analyzing by Monte Carlo technique. 
 
FIGURE 6.1: Reliability Curves for Shells Subjected to Axial Compressive Load by 
      Monte Carlo Technique 
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FIGURE 6.2: Reliability Curves for Shells Subjected to Axial Compressive Load by 
      Koiter’s Special Theory 
Reliability curves for simulated shells subjected to axial compressive load analyzed 
by Koiter’s special theory are shown in Fig. 6.2. At 95% reliability level the non-
dimensional values for Axisymmetric and Asymmetric analysis by Koiter’s special 
theory comes out to be 0.71 and 0.51 respectively. Thus critical buckling loads have to be 
reduced by 29% and 49% respectively for two cases. There is a difference of around 20% 
in the reduction of buckling loads when variations are treated as axisymmetric and when 
treated as asymmetric by analyzing by Monte Carlo technique. 
The reason for more conservative results in case of asymmetric is due to the fact that 
more perturbations were considered in asymmetric analysis. Shell wall thickness 
variations were considered to vary in circumferential direction only in case of 
axisymmetric analysis while in case of asymmetric analysis variations in both axial and 
circumferential direction have been considered for analysis. 
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6.3.2 Comparison between Monte Carlo technique, Koiter’s special theory and ASME 
B&PV Code 
 
Comparison between three methods i.e. Monte Carlo technique, Koiter’s special 
theory and ASME Boiler and Pressure Vessel Code, when shells are subjected to axial 
compressive load and variations in shell wall thickness were considered to be asymmetric 
are shown in Fig. 6.3. At 95% reliability level, non-dimensional buckling values comes 
out to be 0.328 according to ASME B&PV Code, 0.61 by Monte Carlo technique and 
0.51 by Koiter’s special theory. Critical buckling loads have to be reduced by 67.2% 
when ASME B&PV Code is used, while in case of Monte Carlo technique critical load 
has to be reduced by 39%. Critical buckling load reduces by 49% in case of Koiter’s 
special theory. The reason behind lower critical buckling loads in case of Koiter’s special 
theory is that theory is based on an eigen-value solution and higher order terms were 
neglected. 
 
FIGURE 6.3: Reliability Curves for Shells Subjected to Axial Compressive Load 
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FIGURE 6.4: Reliability Curves for Shells Under External Pressure 
Reliability curves for simulated GB shells subjected to external pressure are shown in 
Fig. 6.4. At 95% reliability level the non-dimensional values according to ASME B&PV 
Code and Monte Carlo technique comes out to be 0.89 and 0.8 respectively. There is a 
difference of around 9% in the reduction of buckling loads when simulated shells were 
analyzed by ASME B&PV Code and Monte Carlo technique. 
The reason for more conservative results in case of ASME B&PV Code is due to the 
fact that ASME B&PV Code being a deterministic approach does not include the 
perturbations as considered in Monte Carlo technique which is a probabilistic approach. 
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CHAPTER 7: CONCLUSIONS 
 
 
7.1 Recommendations 
The results show that effect of shell wall thickness variation on buckling load 
deserves special attention. Thus, in the absence of initial geometric imperfection, 
thickness variation may constitute the most important factor in the buckling load 
reduction. The load carrying capacity will be reduced due to presence of imperfections 
when thin walled shells are subjected to axial compressive load or external pressure. In 
last chapter, results show that load carrying capacity of shells is reduced by 39% when 
shells are subjected to axial compressive end load using Monte Carlo method. Also by 
Monte Carlo method load carrying capacity reduces by 11% when shells are subjected to 
external pressure. The reduction values provided by ASME Boiler and Pressure Vessel 
Code Section VIII Division 2 Rules comes out to be 67.2% and 20% in case of shells 
subjected to axial end load and external loading respectively. 
The reliability function of shells subjected to axial compressive end load obtained 
from Koiter’s special theory, Monte Carlo techniques and ASME Boiler and Pressure 
Vessel Code leads to Fig. 7.1. Axisymmetric analysis of simulated shells shows the effect 
of shell wall thickness variations on the non-dimensional buckling load. More detailed 
analysis i.e. asymmetric analysis was carried out to include all perturbations when shells 
are subjected to axial compressive end load. ASME Boiler and Pressure Vessel Code give 
a more conservative non-dimensional buckling value. 
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FIGURE 7.1: Reliability Curves of Simulated Shells Subjected to Axial Compressive 
       Load by Different Methods 
 
Fig. 7.2 shows the reliability function of shells subjected to external pressure obtained 
from Monte Carlo techniques and ASME Boiler and Pressure Vessel Code. ASME Boiler 
and Pressure Vessel Code again give a more conservative non-dimensional buckling 
value as compared to Monte Carlo method. 
 
FIGURE 7.2: Reliability Curves of FGD Vessel Subjected to External Pressure by 
            Different Methods 
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Two approaches were used for determining the buckling load of cylindrical shell, 
deterministic approach and stochastic approach. While the deterministic approach carries 
out analysis on the basis of some physical laws, stochastic (or probabilistic) approach 
takes into account several unknown factors that can affect the buckling loads. 
Deterministic approach does not include perturbations in the shell wall thicknesses. The 
use of stochastic or reliability approach is recommended in comparison to deterministic 
approach for calculating buckling load values for cylindrical shells in both axial 
compression end loading and under external pressure. 
It can be concluded that imperfections in shell wall thickness have been addressed in 
ASME Boiler and Pressure Vessel Code by capacity reduction factor. The results 
obtained by Monte Carlo method agree well with those published by Elishakoff et al. [31] 
for the prediction of buckling loads for shells subjected to axial compressive loading. 
Based on the research carried out in this dissertation, further research on variation of 
material property in shell wall and effect of wrinkles or out of roundness of shells should 
be carried out. A reduction in amount of conversation provided by ASME Boiler and 
Pressure Vessel Code in form of capacity reduction factor is recommended. 
 
7.2 Future Work 
A lot of research has been going on the buckling of cylinders for last 100 years or so. 
Even then it is still challenging to work on this topic especially when cylinders have 
initial imperfections like thickness variations, wrinkles or are pre-buckled. The work 
carried out in this dissertation can be extended for calculating buckling loads for 
cylinders which are under other kind of loading conditions like lateral loading. Analysis 
can be extended to cylinder under axial load and external pressure. The results obtained 
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in this study can also be verified by finite element techniques. The analysis can be made 
by using FE codes like ABAQUS or ANSYS. 
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APPENDIX A: SIMULATED GB SHELLS 
 
 
TABLE A.1: Shell Wall Thickness (in.) of GB1 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.371 0.359 0.359 0.367 0.358 0.347 0.367 0.347 0.350 0.365 0.367 0.365 
30 0.368 0.367 0.366 0.353 0.374 0.354 0.361 0.347 0.361 0.354 0.370 0.359 
60 0.375 0.358 0.349 0.365 0.367 0.353 0.358 0.373 0.352 0.353 0.371 0.359 
90 0.363 0.367 0.348 0.366 0.350 0.348 0.366 0.372 0.363 0.347 0.353 0.360 
120 0.352 0.363 0.365 0.348 0.370 0.370 0.358 0.351 0.362 0.370 0.348 0.365 
150 0.370 0.367 0.357 0.370 0.360 0.363 0.362 0.357 0.359 0.349 0.368 0.363 
180 0.356 0.362 0.374 0.360 0.345 0.352 0.363 0.363 0.367 0.346 0.363 0.344 
210 0.365 0.349 0.349 0.357 0.362 0.344 0.360 0.358 0.363 0.364 0.346 0.347 
240 0.344 0.357 0.369 0.373 0.360 0.369 0.366 0.363 0.369 0.361 0.364 0.371 
270 0.353 0.360 0.350 0.361 0.370 0.351 0.350 0.370 0.362 0.357 0.347 0.367 
300 0.362 0.367 0.369 0.359 0.364 0.361 0.350 0.363 0.372 0.358 0.351 0.356 
330 0.370 0.349 0.349 0.370 0.370 0.348 0.358 0.362 0.367 0.349 0.373 0.361 
 
 
TABLE A.2: Shell Wall Thickness (in.) of GB2 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.374 0.349 0.354 0.372 0.362 0.360 0.351 0.349 0.369 0.362 0.350 0.366 
30 0.349 0.355 0.369 0.349 0.365 0.348 0.372 0.371 0.346 0.363 0.365 0.366 
60 0.348 0.355 0.353 0.373 0.358 0.367 0.372 0.350 0.362 0.346 0.355 0.364 
90 0.374 0.369 0.372 0.345 0.344 0.345 0.346 0.364 0.350 0.352 0.347 0.347 
120 0.345 0.360 0.367 0.354 0.363 0.364 0.349 0.372 0.354 0.372 0.350 0.346 
150 0.346 0.369 0.355 0.356 0.362 0.347 0.368 0.373 0.363 0.367 0.364 0.358 
180 0.348 0.348 0.351 0.373 0.351 0.373 0.351 0.349 0.358 0.356 0.365 0.367 
210 0.371 0.356 0.351 0.361 0.344 0.353 0.344 0.362 0.356 0.372 0.346 0.365 
240 0.366 0.348 0.361 0.365 0.347 0.374 0.348 0.373 0.362 0.356 0.345 0.356 
270 0.344 0.346 0.346 0.352 0.371 0.353 0.354 0.362 0.373 0.355 0.354 0.346 
300 0.366 0.362 0.360 0.360 0.369 0.355 0.345 0.352 0.356 0.367 0.348 0.349 
330 0.351 0.361 0.347 0.356 0.365 0.351 0.350 0.355 0.350 0.367 0.346 0.354 
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TABLE A.3: Shell Wall Thickness (in.) of GB3 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.351 0.345 0.368 0.368 0.356 0.361 0.358 0.357 0.366 0.364 0.363 0.364 
30 0.359 0.371 0.371 0.366 0.351 0.346 0.355 0.352 0.368 0.362 0.349 0.367 
60 0.358 0.356 0.366 0.347 0.351 0.352 0.357 0.364 0.363 0.360 0.354 0.374 
90 0.363 0.363 0.372 0.371 0.374 0.371 0.344 0.345 0.365 0.358 0.364 0.355 
120 0.356 0.371 0.361 0.354 0.345 0.347 0.368 0.348 0.362 0.373 0.357 0.372 
150 0.37 0.362 0.368 0.359 0.349 0.366 0.347 0.361 0.361 0.352 0.365 0.358 
180 0.363 0.369 0.350 0.350 0.344 0.371 0.365 0.358 0.352 0.367 0.359 0.371 
210 0.346 0.362 0.369 0.375 0.364 0.353 0.349 0.353 0.359 0.363 0.369 0.345 
240 0.371 0.362 0.370 0.364 0.357 0.364 0.346 0.355 0.365 0.364 0.344 0.373 
270 0.353 0.365 0.363 0.349 0.347 0.370 0.345 0.363 0.363 0.361 0.356 0.349 
300 0.345 0.344 0.363 0.353 0.366 0.371 0.364 0.375 0.369 0.358 0.370 0.348 
330 0.356 0.355 0.352 0.370 0.364 0.372 0.372 0.349 0.375 0.375 0.372 0.348 
 
 
TABLE A.4: Shell Wall Thickness (in.) of GB4 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.362 0.368 0.361 0.355 0.351 0.353 0.360 0.354 0.369 0.358 0.361 0.353 
30 0.367 0.344 0.360 0.369 0.371 0.374 0.367 0.350 0.348 0.355 0.356 0.371 
60 0.365 0.357 0.366 0.374 0.370 0.366 0.351 0.348 0.345 0.359 0.373 0.350 
90 0.369 0.358 0.367 0.353 0.345 0.364 0.368 0.372 0.367 0.357 0.374 0.372 
120 0.375 0.367 0.372 0.371 0.350 0.367 0.361 0.351 0.372 0.345 0.362 0.345 
150 0.350 0.361 0.369 0.347 0.358 0.348 0.370 0.361 0.368 0.363 0.357 0.346 
180 0.356 0.373 0.356 0.348 0.372 0.356 0.361 0.357 0.364 0.357 0.359 0.352 
210 0.362 0.371 0.346 0.354 0.361 0.372 0.371 0.371 0.365 0.356 0.371 0.348 
240 0.374 0.359 0.344 0.369 0.360 0.345 0.351 0.352 0.360 0.344 0.368 0.359 
270 0.356 0.367 0.367 0.369 0.375 0.358 0.356 0.365 0.352 0.371 0.362 0.346 
300 0.348 0.352 0.349 0.372 0.371 0.351 0.345 0.374 0.364 0.366 0.353 0.354 
330 0.345 0.369 0.365 0.352 0.349 0.349 0.356 0.368 0.352 0.363 0.371 0.360 
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TABLE A.5: Shell Wall Thickness (in.) of GB5 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.357 0.358 0.367 0.372 0.374 0.355 0.374 0.364 0.357 0.347 0.347 0.373 
30 0.363 0.348 0.346 0.371 0.360 0.359 0.363 0.358 0.352 0.366 0.345 0.344 
60 0.359 0.351 0.355 0.356 0.372 0.370 0.355 0.354 0.356 0.365 0.352 0.346 
90 0.373 0.369 0.349 0.365 0.354 0.361 0.371 0.353 0.350 0.344 0.351 0.357 
120 0.370 0.364 0.348 0.353 0.362 0.362 0.351 0.371 0.363 0.363 0.371 0.363 
150 0.369 0.368 0.350 0.374 0.355 0.364 0.346 0.371 0.355 0.353 0.345 0.357 
180 0.371 0.370 0.352 0.362 0.353 0.368 0.349 0.369 0.374 0.367 0.346 0.363 
210 0.373 0.359 0.355 0.348 0.373 0.349 0.351 0.364 0.372 0.372 0.347 0.344 
240 0.373 0.346 0.365 0.363 0.369 0.368 0.368 0.362 0.374 0.363 0.374 0.356 
270 0.348 0.355 0.373 0.355 0.365 0.358 0.347 0.350 0.350 0.368 0.371 0.354 
300 0.359 0.357 0.347 0.359 0.368 0.360 0.348 0.351 0.355 0.361 0.356 0.370 
330 0.345 0.353 0.361 0.373 0.366 0.346 0.361 0.351 0.353 0.356 0.364 0.350 
 
 
TABLE A.6: Shell Wall Thickness (in.) of GB6 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.359 0.363 0.370 0.349 0.371 0.365 0.370 0.361 0.349 0.375 0.364 0.352 
30 0.357 0.353 0.357 0.346 0.366 0.370 0.347 0.355 0.374 0.348 0.360 0.366 
60 0.357 0.358 0.367 0.374 0.373 0.352 0.372 0.372 0.350 0.366 0.353 0.348 
90 0.362 0.351 0.347 0.358 0.347 0.371 0.372 0.355 0.345 0.353 0.369 0.371 
120 0.354 0.360 0.370 0.350 0.346 0.374 0.374 0.351 0.345 0.360 0.371 0.351 
150 0.373 0.344 0.355 0.359 0.356 0.351 0.354 0.346 0.347 0.360 0.358 0.354 
180 0.357 0.368 0.347 0.352 0.360 0.350 0.372 0.352 0.362 0.370 0.358 0.363 
210 0.368 0.374 0.350 0.353 0.348 0.350 0.357 0.348 0.351 0.347 0.356 0.374 
240 0.349 0.372 0.372 0.369 0.346 0.374 0.352 0.363 0.353 0.373 0.361 0.356 
270 0.347 0.351 0.354 0.364 0.372 0.367 0.360 0.350 0.357 0.359 0.370 0.351 
300 0.359 0.359 0.355 0.344 0.367 0.365 0.369 0.368 0.352 0.372 0.344 0.362 
330 0.354 0.357 0.352 0.353 0.347 0.373 0.359 0.364 0.360 0.355 0.345 0.345 
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TABLE A.7: Shell Wall Thickness (in.) of GB7 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.372 0.349 0.367 0.354 0.359 0.365 0.358 0.366 0.351 0.374 0.346 0.354 
30 0.351 0.347 0.351 0.349 0.365 0.372 0.346 0.371 0.364 0.366 0.371 0.350 
60 0.374 0.365 0.368 0.353 0.355 0.362 0.367 0.356 0.371 0.347 0.372 0.373 
90 0.356 0.359 0.361 0.351 0.368 0.347 0.364 0.359 0.357 0.358 0.349 0.352 
120 0.354 0.364 0.348 0.363 0.344 0.367 0.351 0.368 0.374 0.346 0.362 0.371 
150 0.363 0.364 0.357 0.362 0.367 0.359 0.375 0.354 0.355 0.348 0.349 0.350 
180 0.353 0.370 0.349 0.366 0.369 0.369 0.372 0.355 0.363 0.367 0.370 0.367 
210 0.372 0.371 0.351 0.366 0.366 0.355 0.372 0.347 0.372 0.344 0.371 0.356 
240 0.354 0.374 0.351 0.366 0.361 0.375 0.363 0.375 0.351 0.374 0.374 0.364 
270 0.358 0.366 0.366 0.348 0.347 0.373 0.367 0.356 0.360 0.367 0.366 0.367 
300 0.357 0.356 0.364 0.356 0.347 0.364 0.367 0.357 0.362 0.365 0.369 0.356 
330 0.348 0.370 0.354 0.371 0.349 0.349 0.357 0.352 0.360 0.365 0.374 0.374 
 
 
TABLE A.8: Shell Wall Thickness (in.) of GB8 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.354 0.356 0.367 0.372 0.373 0.347 0.363 0.348 0.346 0.353 0.362 0.363 
30 0.363 0.374 0.367 0.363 0.353 0.351 0.373 0.367 0.356 0.351 0.368 0.356 
60 0.359 0.358 0.355 0.369 0.360 0.350 0.366 0.351 0.367 0.353 0.371 0.372 
90 0.352 0.360 0.369 0.369 0.372 0.372 0.346 0.348 0.362 0.371 0.374 0.369 
120 0.346 0.369 0.357 0.347 0.345 0.346 0.344 0.358 0.361 0.370 0.357 0.373 
150 0.358 0.367 0.347 0.374 0.353 0.366 0.375 0.363 0.350 0.362 0.355 0.350 
180 0.364 0.346 0.363 0.359 0.352 0.361 0.353 0.363 0.350 0.358 0.354 0.360 
210 0.352 0.375 0.354 0.362 0.355 0.347 0.348 0.353 0.354 0.369 0.368 0.370 
240 0.363 0.364 0.359 0.371 0.369 0.368 0.350 0.371 0.370 0.374 0.346 0.365 
270 0.347 0.372 0.361 0.375 0.354 0.354 0.356 0.349 0.371 0.347 0.356 0.356 
300 0.359 0.372 0.366 0.356 0.374 0.348 0.365 0.374 0.358 0.362 0.358 0.374 
330 0.366 0.359 0.356 0.356 0.373 0.354 0.366 0.362 0.345 0.362 0.362 0.352 
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TABLE A.9: Shell Wall Thickness (in.) of GB9 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.365 0.344 0.363 0.370 0.363 0.349 0.358 0.350 0.363 0.364 0.370 0.345 
30 0.373 0.369 0.371 0.359 0.346 0.346 0.371 0.350 0.374 0.347 0.364 0.367 
60 0.352 0.348 0.351 0.373 0.366 0.360 0.361 0.368 0.374 0.363 0.374 0.354 
90 0.350 0.356 0.351 0.347 0.353 0.344 0.352 0.374 0.346 0.345 0.346 0.372 
120 0.349 0.346 0.364 0.357 0.354 0.361 0.364 0.364 0.357 0.374 0.350 0.352 
150 0.366 0.345 0.368 0.375 0.360 0.370 0.374 0.357 0.356 0.346 0.370 0.346 
180 0.361 0.355 0.360 0.345 0.373 0.355 0.348 0.356 0.353 0.369 0.371 0.352 
210 0.375 0.351 0.357 0.348 0.371 0.348 0.371 0.368 0.346 0.372 0.361 0.345 
240 0.363 0.367 0.375 0.355 0.373 0.361 0.367 0.365 0.362 0.366 0.345 0.361 
270 0.360 0.358 0.345 0.345 0.354 0.368 0.369 0.359 0.354 0.363 0.358 0.358 
300 0.370 0.370 0.347 0.368 0.357 0.372 0.348 0.347 0.373 0.353 0.357 0.345 
330 0.361 0.354 0.354 0.368 0.363 0.350 0.373 0.350 0.345 0.363 0.347 0.349 
 
 
TABLE A.10: Shell Wall Thickness (in.) of GB10 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.355 0.349 0.356 0.360 0.356 0.358 0.362 0.368 0.350 0.345 0.372 0.371 
30 0.349 0.354 0.350 0.362 0.350 0.351 0.362 0.352 0.368 0.357 0.358 0.360 
60 0.359 0.345 0.346 0.372 0.345 0.368 0.371 0.352 0.367 0.352 0.367 0.357 
90 0.356 0.353 0.354 0.351 0.368 0.357 0.357 0.367 0.356 0.362 0.356 0.346 
120 0.366 0.345 0.346 0.372 0.355 0.350 0.371 0.345 0.360 0.373 0.349 0.346 
150 0.356 0.370 0.359 0.363 0.362 0.358 0.348 0.374 0.353 0.356 0.348 0.350 
180 0.375 0.363 0.368 0.364 0.369 0.345 0.355 0.344 0.371 0.364 0.357 0.351 
210 0.355 0.365 0.364 0.369 0.352 0.349 0.372 0.365 0.369 0.368 0.368 0.370 
240 0.351 0.359 0.357 0.362 0.354 0.375 0.358 0.357 0.357 0.354 0.359 0.361 
270 0.372 0.365 0.371 0.365 0.358 0.370 0.344 0.347 0.362 0.348 0.348 0.369 
300 0.357 0.367 0.354 0.348 0.359 0.361 0.361 0.355 0.374 0.355 0.350 0.346 
330 0.353 0.361 0.346 0.345 0.360 0.365 0.369 0.369 0.360 0.355 0.374 0.349 
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TABLE A.11: Shell Wall Thickness (in.) of GB11 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.349 0.357 0.364 0.366 0.361 0.374 0.345 0.347 0.361 0.375 0.351 0.370 
30 0.371 0.368 0.373 0.352 0.360 0.352 0.369 0.361 0.371 0.373 0.370 0.361 
60 0.352 0.354 0.358 0.375 0.361 0.350 0.352 0.371 0.345 0.358 0.366 0.355 
90 0.347 0.364 0.369 0.355 0.356 0.350 0.345 0.359 0.356 0.355 0.346 0.374 
120 0.347 0.363 0.355 0.351 0.346 0.357 0.371 0.369 0.351 0.363 0.372 0.372 
150 0.375 0.352 0.344 0.358 0.353 0.369 0.358 0.347 0.373 0.344 0.355 0.365 
180 0.370 0.362 0.354 0.361 0.365 0.352 0.367 0.364 0.367 0.363 0.367 0.362 
210 0.369 0.361 0.354 0.351 0.364 0.351 0.354 0.354 0.357 0.347 0.348 0.354 
240 0.370 0.358 0.372 0.357 0.370 0.350 0.371 0.354 0.363 0.356 0.360 0.360 
270 0.345 0.364 0.359 0.346 0.368 0.369 0.364 0.353 0.370 0.345 0.351 0.344 
300 0.351 0.350 0.369 0.374 0.375 0.361 0.354 0.353 0.357 0.352 0.347 0.361 
330 0.366 0.360 0.368 0.356 0.349 0.369 0.350 0.357 0.366 0.362 0.367 0.372 
 
 
TABLE A.12: Shell Wall Thickness (in.) of GB12 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.352 0.365 0.353 0.361 0.366 0.348 0.349 0.369 0.369 0.355 0.366 0.346 
30 0.356 0.349 0.375 0.364 0.360 0.354 0.355 0.355 0.374 0.345 0.350 0.354 
60 0.361 0.350 0.371 0.351 0.352 0.369 0.348 0.364 0.370 0.350 0.354 0.348 
90 0.372 0.375 0.359 0.374 0.356 0.363 0.363 0.353 0.374 0.355 0.356 0.358 
120 0.352 0.349 0.364 0.359 0.369 0.347 0.349 0.361 0.355 0.352 0.358 0.370 
150 0.371 0.373 0.364 0.369 0.348 0.369 0.360 0.354 0.344 0.345 0.353 0.351 
180 0.372 0.371 0.371 0.371 0.353 0.366 0.345 0.356 0.363 0.353 0.361 0.358 
210 0.371 0.352 0.371 0.348 0.356 0.355 0.350 0.349 0.374 0.367 0.361 0.365 
240 0.351 0.365 0.373 0.347 0.366 0.364 0.375 0.349 0.372 0.369 0.362 0.363 
270 0.358 0.375 0.345 0.374 0.375 0.359 0.345 0.345 0.345 0.358 0.355 0.352 
300 0.345 0.363 0.371 0.367 0.368 0.354 0.368 0.352 0.345 0.357 0.356 0.371 
330 0.366 0.366 0.367 0.348 0.351 0.369 0.346 0.345 0.344 0.350 0.351 0.350 
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TABLE A.13: Shell Wall Thickness (in.) of GB13 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.354 0.353 0.365 0.365 0.375 0.366 0.369 0.373 0.359 0.357 0.362 0.345 
30 0.362 0.346 0.372 0.357 0.355 0.352 0.347 0.362 0.358 0.368 0.358 0.344 
60 0.352 0.363 0.365 0.365 0.345 0.365 0.370 0.363 0.373 0.359 0.371 0.366 
90 0.356 0.344 0.356 0.361 0.347 0.346 0.371 0.357 0.349 0.365 0.368 0.359 
120 0.357 0.358 0.357 0.349 0.352 0.356 0.368 0.349 0.349 0.363 0.353 0.354 
150 0.371 0.350 0.357 0.364 0.352 0.375 0.361 0.350 0.371 0.353 0.358 0.353 
180 0.370 0.345 0.348 0.366 0.356 0.372 0.373 0.354 0.347 0.350 0.359 0.368 
210 0.355 0.355 0.372 0.356 0.372 0.372 0.373 0.371 0.363 0.364 0.345 0.350 
240 0.363 0.362 0.357 0.354 0.362 0.351 0.350 0.345 0.356 0.375 0.359 0.357 
270 0.351 0.345 0.351 0.369 0.359 0.358 0.348 0.345 0.367 0.349 0.363 0.357 
300 0.361 0.356 0.365 0.368 0.360 0.350 0.344 0.362 0.360 0.346 0.350 0.353 
330 0.357 0.367 0.358 0.370 0.360 0.346 0.363 0.372 0.373 0.354 0.351 0.373 
 
 
TABLE A.14: Shell Wall Thickness (in.) of GB14 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.352 0.375 0.362 0.346 0.370 0.375 0.348 0.374 0.360 0.371 0.362 0.366 
30 0.348 0.367 0.371 0.374 0.371 0.362 0.357 0.372 0.353 0.370 0.352 0.357 
60 0.352 0.360 0.350 0.350 0.363 0.364 0.365 0.363 0.348 0.348 0.363 0.373 
90 0.355 0.361 0.364 0.371 0.345 0.349 0.366 0.354 0.352 0.363 0.371 0.352 
120 0.352 0.365 0.361 0.349 0.363 0.373 0.346 0.345 0.350 0.368 0.351 0.350 
150 0.362 0.347 0.345 0.361 0.357 0.362 0.358 0.358 0.360 0.348 0.372 0.370 
180 0.352 0.363 0.366 0.375 0.358 0.352 0.374 0.353 0.368 0.367 0.345 0.358 
210 0.348 0.361 0.349 0.348 0.370 0.351 0.374 0.349 0.364 0.373 0.368 0.356 
240 0.361 0.375 0.366 0.347 0.360 0.352 0.353 0.359 0.362 0.365 0.359 0.375 
270 0.351 0.367 0.358 0.365 0.350 0.372 0.361 0.361 0.350 0.361 0.372 0.345 
300 0.359 0.367 0.356 0.353 0.370 0.355 0.350 0.358 0.356 0.357 0.362 0.374 
330 0.347 0.359 0.359 0.349 0.374 0.345 0.350 0.357 0.350 0.350 0.370 0.352 
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TABLE A.15: Shell Wall Thickness (in.) of GB15 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.362 0.374 0.347 0.346 0.349 0.362 0.369 0.367 0.354 0.369 0.367 0.356 
30 0.350 0.349 0.367 0.354 0.359 0.357 0.357 0.359 0.352 0.362 0.372 0.345 
60 0.350 0.367 0.363 0.363 0.367 0.360 0.369 0.357 0.344 0.374 0.365 0.362 
90 0.368 0.364 0.363 0.368 0.371 0.363 0.349 0.361 0.364 0.364 0.355 0.345 
120 0.370 0.355 0.357 0.369 0.356 0.370 0.369 0.374 0.359 0.351 0.361 0.364 
150 0.351 0.350 0.369 0.369 0.345 0.358 0.367 0.363 0.363 0.366 0.358 0.363 
180 0.365 0.372 0.345 0.361 0.344 0.349 0.362 0.349 0.346 0.350 0.363 0.352 
210 0.352 0.364 0.361 0.361 0.373 0.372 0.373 0.345 0.364 0.374 0.349 0.373 
240 0.345 0.349 0.360 0.373 0.374 0.356 0.358 0.358 0.358 0.346 0.353 0.366 
270 0.369 0.367 0.369 0.352 0.371 0.364 0.361 0.361 0.353 0.365 0.366 0.352 
300 0.354 0.371 0.345 0.358 0.352 0.375 0.352 0.375 0.350 0.362 0.361 0.375 
330 0.348 0.370 0.363 0.371 0.366 0.358 0.352 0.347 0.363 0.351 0.352 0.357 
 
 
TABLE A.16: Shell Wall Thickness (in.) of GB16 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.346 0.369 0.369 0.360 0.351 0.359 0.370 0.361 0.363 0.367 0.362 0.369 
30 0.367 0.371 0.345 0.349 0.355 0.360 0.369 0.353 0.363 0.346 0.355 0.374 
60 0.366 0.345 0.346 0.365 0.374 0.375 0.354 0.368 0.350 0.363 0.347 0.353 
90 0.366 0.357 0.367 0.352 0.358 0.353 0.356 0.372 0.370 0.354 0.350 0.354 
120 0.366 0.359 0.365 0.368 0.362 0.359 0.349 0.347 0.358 0.372 0.371 0.356 
150 0.365 0.372 0.367 0.354 0.352 0.349 0.365 0.359 0.358 0.367 0.359 0.373 
180 0.360 0.351 0.361 0.350 0.357 0.368 0.348 0.365 0.354 0.370 0.363 0.373 
210 0.373 0.366 0.350 0.374 0.349 0.366 0.363 0.361 0.349 0.349 0.365 0.364 
240 0.358 0.366 0.374 0.365 0.369 0.369 0.353 0.353 0.354 0.366 0.373 0.356 
270 0.349 0.353 0.374 0.345 0.368 0.351 0.348 0.363 0.361 0.352 0.350 0.372 
300 0.362 0.368 0.360 0.354 0.350 0.348 0.349 0.351 0.353 0.362 0.374 0.356 
330 0.346 0.374 0.367 0.344 0.346 0.349 0.358 0.365 0.350 0.373 0.370 0.370 
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TABLE A.17: Shell Wall Thickness (in.) of GB17 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.373 0.357 0.365 0.362 0.367 0.349 0.364 0.344 0.362 0.362 0.375 0.348 
30 0.353 0.347 0.373 0.372 0.351 0.357 0.344 0.372 0.357 0.374 0.350 0.345 
60 0.356 0.345 0.361 0.345 0.368 0.367 0.349 0.352 0.348 0.366 0.371 0.363 
90 0.360 0.350 0.363 0.360 0.367 0.352 0.368 0.351 0.361 0.358 0.358 0.365 
120 0.366 0.359 0.360 0.350 0.359 0.367 0.369 0.346 0.374 0.349 0.353 0.357 
150 0.360 0.348 0.358 0.365 0.370 0.370 0.347 0.371 0.345 0.364 0.347 0.371 
180 0.346 0.368 0.361 0.361 0.375 0.354 0.373 0.358 0.368 0.367 0.351 0.335 
210 0.361 0.372 0.352 0.375 0.362 0.360 0.374 0.373 0.346 0.347 0.374 0.359 
240 0.364 0.366 0.363 0.364 0.355 0.374 0.369 0.367 0.373 0.363 0.373 0.351 
270 0.345 0.356 0.354 0.375 0.373 0.368 0.369 0.346 0.350 0.366 0.348 0.36 
300 0.361 0.360 0.367 0.370 0.373 0.365 0.366 0.347 0.375 0.353 0.362 0.344 
330 0.365 0.347 0.374 0.365 0.358 0.347 0.362 0.373 0.346 0.346 0.347 0.346 
 
 
TABLE A.18: Shell Wall Thickness (in.) of GB18 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.370 0.350 0.346 0.373 0.370 0.358 0.347 0.352 0.368 0.363 0.353 0.372 
30 0.347 0.369 0.351 0.358 0.361 0.350 0.345 0.360 0.353 0.362 0.366 0.364 
60 0.362 0.353 0.374 0.349 0.363 0.351 0.352 0.355 0.350 0.366 0.369 0.346 
90 0.360 0.360 0.346 0.373 0.372 0.365 0.368 0.362 0.365 0.373 0.353 0.373 
120 0.348 0.347 0.358 0.363 0.373 0.371 0.365 0.370 0.351 0.365 0.352 0.352 
150 0.370 0.359 0.352 0.347 0.349 0.355 0.361 0.351 0.375 0.359 0.346 0.345 
180 0.362 0.362 0.351 0.350 0.372 0.371 0.348 0.345 0.364 0.374 0.363 0.350 
210 0.363 0.361 0.349 0.353 0.357 0.355 0.347 0.364 0.354 0.363 0.372 0.362 
240 0.368 0.363 0.357 0.360 0.351 0.370 0.357 0.374 0.357 0.349 0.349 0.371 
270 0.369 0.363 0.371 0.371 0.374 0.348 0.371 0.369 0.345 0.345 0.375 0.350 
300 0.360 0.372 0.356 0.371 0.368 0.360 0.363 0.356 0.359 0.360 0.347 0.365 
330 0.368 0.366 0.360 0.349 0.358 0.359 0.363 0.373 0.362 0.358 0.366 0.370 
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TABLE A.19: Shell Wall Thickness (in.) of GB19 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.370 0.374 0.367 0.361 0.374 0.363 0.357 0.368 0.350 0.363 0.350 0.346 
30 0.374 0.358 0.357 0.361 0.356 0.363 0.363 0.374 0.361 0.372 0.368 0.373 
60 0.365 0.352 0.350 0.361 0.368 0.372 0.355 0.359 0.365 0.344 0.365 0.375 
90 0.355 0.373 0.345 0.373 0.351 0.372 0.346 0.350 0.349 0.370 0.348 0.374 
120 0.366 0.361 0.356 0.373 0.347 0.361 0.350 0.369 0.371 0.362 0.364 0.367 
150 0.362 0.352 0.348 0.359 0.353 0.350 0.349 0.364 0.363 0.374 0.367 0.368 
180 0.350 0.366 0.366 0.364 0.351 0.355 0.370 0.371 0.374 0.358 0.370 0.365 
210 0.369 0.349 0.358 0.365 0.347 0.358 0.352 0.351 0.375 0.362 0.357 0.350 
240 0.360 0.352 0.366 0.356 0.361 0.367 0.374 0.361 0.356 0.349 0.372 0.355 
270 0.361 0.350 0.355 0.375 0.349 0.368 0.350 0.357 0.364 0.373 0.373 0.367 
300 0.364 0.367 0.349 0.350 0.369 0.356 0.358 0.372 0.370 0.346 0.347 0.347 
330 0.357 0.355 0.369 0.372 0.369 0.362 0.364 0.371 0.351 0.349 0.359 0.346 
 
 
TABLE A.20: Shell Wall Thickness (in.) of GB20 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.354 0.371 0.372 0.371 0.347 0.354 0.352 0.357 0.351 0.364 0.370 0.344 
30 0.359 0.354 0.364 0.358 0.361 0.347 0.346 0.371 0.348 0.362 0.345 0.363 
60 0.373 0.354 0.372 0.361 0.359 0.347 0.351 0.344 0.367 0.373 0.349 0.366 
90 0.367 0.352 0.362 0.350 0.349 0.359 0.358 0.358 0.352 0.355 0.359 0.373 
120 0.361 0.358 0.366 0.360 0.360 0.371 0.349 0.369 0.374 0.358 0.368 0.349 
150 0.351 0.357 0.364 0.354 0.373 0.360 0.368 0.371 0.369 0.358 0.350 0.347 
180 0.372 0.346 0.344 0.353 0.345 0.364 0.375 0.355 0.365 0.375 0.371 0.372 
210 0.374 0.354 0.369 0.349 0.350 0.348 0.370 0.356 0.357 0.346 0.365 0.368 
240 0.371 0.372 0.351 0.367 0.369 0.356 0.365 0.357 0.367 0.368 0.370 0.348 
270 0.345 0.347 0.346 0.357 0.358 0.368 0.356 0.348 0.349 0.370 0.365 0.363 
300 0.345 0.368 0.362 0.360 0.347 0.374 0.369 0.352 0.348 0.359 0.347 0.372 
330 0.370 0.368 0.355 0.360 0.358 0.370 0.372 0.374 0.361 0.354 0.358 0.366 
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TABLE A.21: Shell Wall Thickness (in.) of GB21 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.350 0.361 0.349 0.366 0.361 0.363 0.365 0.361 0.363 0.353 0.365 0.358 
30 0.370 0.352 0.366 0.350 0.356 0.368 0.357 0.356 0.365 0.373 0.364 0.347 
60 0.358 0.368 0.368 0.356 0.370 0.346 0.356 0.347 0.359 0.364 0.370 0.357 
90 0.362 0.359 0.374 0.361 0.353 0.345 0.373 0.370 0.352 0.373 0.345 0.375 
120 0.350 0.368 0.348 0.347 0.350 0.352 0.370 0.344 0.375 0.351 0.353 0.350 
150 0.372 0.360 0.347 0.372 0.361 0.348 0.372 0.354 0.350 0.374 0.347 0.362 
180 0.365 0.357 0.347 0.356 0.349 0.360 0.361 0.365 0.367 0.356 0.360 0.346 
210 0.347 0.371 0.346 0.372 0.355 0.374 0.358 0.344 0.374 0.355 0.373 0.373 
240 0.353 0.353 0.350 0.359 0.371 0.373 0.350 0.375 0.372 0.365 0.347 0.345 
270 0.364 0.369 0.345 0.370 0.359 0.344 0.363 0.371 0.357 0.359 0.366 0.374 
300 0.365 0.361 0.349 0.356 0.363 0.369 0.347 0.345 0.352 0.354 0.359 0.363 
330 0.353 0.372 0.372 0.368 0.357 0.372 0.372 0.368 0.357 0.354 0.366 0.346 
 
 
TABLE A.22: Shell Wall Thickness (in.) of GB22 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.366 0.374 0.358 0.353 0.344 0.373 0.348 0.369 0.363 0.358 0.367 0.363 
30 0.369 0.367 0.345 0.355 0.374 0.354 0.355 0.355 0.359 0.372 0.361 0.359 
60 0.355 0.367 0.354 0.351 0.372 0.374 0.358 0.372 0.372 0.354 0.350 0.349 
90 0.372 0.364 0.363 0.372 0.357 0.357 0.363 0.345 0.363 0.346 0.364 0.363 
120 0.359 0.374 0.371 0.370 0.360 0.363 0.369 0.346 0.367 0.352 0.354 0.372 
150 0.358 0.369 0.357 0.375 0.346 0.360 0.365 0.347 0.344 0.351 0.371 0.361 
180 0.356 0.359 0.367 0.349 0.359 0.365 0.352 0.347 0.371 0.352 0.363 0.354 
210 0.354 0.368 0.352 0.352 0.360 0.362 0.369 0.348 0.352 0.369 0.365 0.357 
240 0.362 0.357 0.349 0.374 0.348 0.373 0.360 0.345 0.363 0.371 0.350 0.354 
270 0.357 0.363 0.372 0.360 0.359 0.370 0.367 0.348 0.372 0.370 0.348 0.360 
300 0.357 0.362 0.351 0.353 0.349 0.356 0.365 0.363 0.346 0.346 0.362 0.363 
330 0.355 0.367 0.352 0.362 0.374 0.361 0.348 0.373 0.366 0.363 0.361 0.357 
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TABLE A.23: Shell Wall Thickness (in.) of GB23 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.360 0.361 0.351 0.353 0.364 0.352 0.359 0.354 0.369 0.359 0.353 0.346 
30 0.373 0.344 0.367 0.351 0.344 0.349 0.349 0.353 0.359 0.348 0.352 0.359 
60 0.362 0.354 0.345 0.349 0.362 0.369 0.368 0.358 0.372 0.374 0.363 0.344 
90 0.373 0.346 0.346 0.356 0.358 0.362 0.367 0.373 0.344 0.358 0.354 0.353 
120 0.370 0.370 0.357 0.353 0.353 0.352 0.349 0.344 0.361 0.353 0.355 0.370 
150 0.354 0.350 0.349 0.349 0.352 0.368 0.372 0.373 0.350 0.361 0.359 0.374 
180 0.367 0.372 0.366 0.367 0.366 0.367 0.371 0.363 0.369 0.350 0.369 0.366 
210 0.374 0.347 0.361 0.364 0.364 0.370 0.369 0.373 0.345 0.374 0.359 0.348 
240 0.375 0.370 0.347 0.372 0.351 0.355 0.348 0.367 0.345 0.368 0.344 0.364 
270 0.345 0.355 0.373 0.360 0.356 0.357 0.355 0.350 0.366 0.346 0.363 0.366 
300 0.346 0.353 0.347 0.363 0.361 0.347 0.368 0.358 0.351 0.345 0.363 0.353 
330 0.363 0.361 0.358 0.374 0.358 0.365 0.355 0.350 0.361 0.370 0.359 0.353 
 
 
TABLE A.24: Shell Wall Thickness (in.) of GB24 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.366 0.347 0.353 0.368 0.375 0.368 0.346 0.364 0.350 0.349 0.347 0.368 
30 0.356 0.370 0.362 0.368 0.371 0.354 0.371 0.355 0.351 0.370 0.375 0.358 
60 0.345 0.361 0.352 0.349 0.367 0.361 0.365 0.366 0.354 0.359 0.356 0.370 
90 0.375 0.347 0.345 0.354 0.359 0.365 0.369 0.358 0.351 0.373 0.350 0.368 
120 0.374 0.364 0.370 0.356 0.367 0.371 0.352 0.352 0.346 0.360 0.353 0.370 
150 0.365 0.351 0.363 0.362 0.358 0.365 0.345 0.350 0.353 0.373 0.365 0.357 
180 0.358 0.351 0.365 0.347 0.358 0.349 0.375 0.352 0.348 0.364 0.366 0.350 
210 0.359 0.348 0.351 0.365 0.374 0.365 0.358 0.367 0.350 0.360 0.347 0.347 
240 0.350 0.357 0.356 0.356 0.353 0.360 0.371 0.365 0.369 0.350 0.372 0.346 
270 0.370 0.363 0.349 0.357 0.368 0.358 0.362 0.371 0.365 0.350 0.363 0.364 
300 0.354 0.374 0.373 0.366 0.357 0.351 0.362 0.368 0.358 0.359 0.365 0.370 
330 0.374 0.365 0.365 0.350 0.356 0.356 0.359 0.359 0.349 0.371 0.345 0.355 
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TABLE A.25: Shell Wall Thickness (in.) of GB25 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.367 0.370 0.369 0.348 0.344 0.350 0.359 0.364 0.351 0.364 0.354 0.348 
30 0.373 0.367 0.344 0.362 0.363 0.361 0.347 0.354 0.344 0.375 0.363 0.358 
60 0.357 0.352 0.351 0.347 0.348 0.347 0.358 0.360 0.370 0.367 0.366 0.359 
90 0.364 0.355 0.357 0.347 0.367 0.374 0.356 0.368 0.351 0.362 0.362 0.373 
120 0.375 0.374 0.357 0.361 0.358 0.361 0.345 0.364 0.355 0.359 0.359 0.352 
150 0.353 0.349 0.364 0.345 0.363 0.365 0.349 0.372 0.361 0.345 0.366 0.349 
180 0.345 0.371 0.349 0.349 0.353 0.355 0.348 0.373 0.354 0.375 0.368 0.363 
210 0.359 0.354 0.369 0.350 0.369 0.353 0.373 0.347 0.369 0.356 0.358 0.362 
240 0.351 0.358 0.370 0.375 0.370 0.351 0.375 0.372 0.372 0.356 0.361 0.345 
270 0.371 0.360 0.350 0.362 0.371 0.356 0.353 0.365 0.352 0.369 0.350 0.345 
300 0.370 0.372 0.370 0.368 0.355 0.374 0.347 0.367 0.351 0.363 0.369 0.358 
330 0.354 0.364 0.351 0.365 0.359 0.373 0.360 0.374 0.375 0.363 0.346 0.357 
 
 
TABLE A.26: Shell Wall Thickness (in.) of GB26 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.344 0.344 0.371 0.359 0.359 0.367 0.358 0.347 0.367 0.347 0.350 0.365 
30 0.350 0.360 0.368 0.367 0.366 0.353 0.374 0.354 0.361 0.347 0.361 0.354 
60 0.362 0.363 0.375 0.358 0.349 0.365 0.367 0.353 0.358 0.373 0.352 0.353 
90 0.355 0.349 0.363 0.367 0.348 0.366 0.350 0.348 0.366 0.372 0.363 0.347 
120 0.370 0.358 0.352 0.363 0.365 0.348 0.370 0.370 0.358 0.351 0.362 0.370 
150 0.349 0.346 0.370 0.367 0.357 0.370 0.360 0.363 0.362 0.357 0.359 0.349 
180 0.366 0.368 0.356 0.362 0.374 0.360 0.345 0.352 0.363 0.363 0.367 0.346 
210 0.353 0.360 0.365 0.349 0.349 0.357 0.362 0.344 0.360 0.358 0.363 0.364 
240 0.347 0.371 0.344 0.357 0.369 0.373 0.360 0.369 0.366 0.363 0.369 0.361 
270 0.349 0.374 0.353 0.360 0.350 0.361 0.370 0.351 0.350 0.370 0.362 0.357 
300 0.375 0.361 0.362 0.367 0.369 0.359 0.364 0.361 0.350 0.363 0.372 0.358 
330 0.348 0.358 0.370 0.349 0.349 0.370 0.370 0.348 0.358 0.362 0.367 0.349 
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TABLE A.27: Shell Wall Thickness (in.) of GB27 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.367 0.365 0.374 0.349 0.354 0.372 0.362 0.360 0.351 0.349 0.369 0.362 
30 0.370 0.359 0.349 0.355 0.369 0.349 0.365 0.348 0.372 0.371 0.346 0.363 
60 0.371 0.359 0.348 0.355 0.353 0.373 0.358 0.367 0.372 0.350 0.362 0.346 
90 0.353 0.360 0.374 0.369 0.372 0.345 0.344 0.345 0.346 0.364 0.350 0.352 
120 0.348 0.365 0.345 0.360 0.367 0.354 0.363 0.364 0.349 0.372 0.364 0.372 
150 0.368 0.363 0.346 0.369 0.355 0.356 0.362 0.347 0.368 0.373 0.363 0.367 
180 0.363 0.344 0.348 0.348 0.351 0.373 0.351 0.373 0.351 0.349 0.358 0.356 
210 0.346 0.347 0.371 0.356 0.351 0.361 0.344 0.353 0.344 0.362 0.356 0.372 
240 0.364 0.371 0.366 0.348 0.361 0.365 0.347 0.374 0.348 0.373 0.362 0.356 
270 0.347 0.367 0.344 0.346 0.346 0.352 0.371 0.353 0.354 0.362 0.373 0.355 
300 0.351 0.356 0.366 0.362 0.360 0.360 0.369 0.355 0.345 0.352 0.356 0.367 
330 0.373 0.361 0.351 0.361 0.347 0.356 0.365 0.351 0.350 0.355 0.350 0.367 
 
 
TABLE A.28: Shell Wall Thickness (in.) of GB28 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.350 0.366 0.351 0.345 0.368 0.368 0.356 0.361 0.358 0.357 0.366 0.364 
30 0.365 0.366 0.359 0.371 0.371 0.366 0.351 0.346 0.355 0.352 0.368 0.362 
60 0.355 0.364 0.358 0.356 0.366 0.347 0.351 0.352 0.357 0.364 0.363 0.360 
90 0.347 0.347 0.363 0.363 0.372 0.371 0.374 0.371 0.344 0.345 0.365 0.358 
120 0.350 0.346 0.356 0.371 0.361 0.354 0.345 0.347 0.368 0.348 0.362 0.373 
150 0.364 0.358 0.370 0.362 0.368 0.359 0.349 0.366 0.347 0.361 0.361 0.352 
180 0.365 0.367 0.363 0.369 0.350 0.350 0.344 0.371 0.365 0.358 0.352 0.367 
210 0.346 0.365 0.346 0.362 0.369 0.375 0.364 0.353 0.349 0.353 0.359 0.363 
240 0.345 0.356 0.371 0.362 0.370 0.364 0.357 0.364 0.346 0.355 0.365 0.364 
270 0.354 0.346 0.353 0.365 0.363 0.349 0.347 0.370 0.345 0.363 0.363 0.361 
300 0.348 0.349 0.345 0.344 0.363 0.353 0.366 0.371 0.364 0.375 0.369 0.358 
330 0.346 0.354 0.356 0.355 0.352 0.370 0.364 0.372 0.372 0.349 0.375 0.375 
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TABLE A.29: Shell Wall Thickness (in.) of GB29 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.363 0.364 0.362 0.368 0.361 0.355 0.351 0.353 0.360 0.354 0.369 0.358 
30 0.349 0.367 0.367 0.344 0.360 0.369 0.371 0.374 0.367 0.350 0.348 0.355 
60 0.354 0.374 0.365 0.357 0.366 0.374 0.370 0.366 0.351 0.348 0.345 0.359 
90 0.364 0.355 0.369 0.358 0.367 0.353 0.345 0.364 0.368 0.372 0.367 0.357 
120 0.357 0.372 0.375 0.367 0.372 0.371 0.350 0.367 0.361 0.351 0.372 0.345 
150 0.365 0.358 0.350 0.361 0.369 0.347 0.358 0.348 0.370 0.361 0.368 0.363 
180 0.359 0.371 0.356 0.373 0.356 0.348 0.372 0.356 0.361 0.357 0.364 0.357 
210 0.369 0.345 0.362 0.371 0.346 0.354 0.361 0.372 0.371 0.371 0.365 0.356 
240 0.344 0.373 0.374 0.359 0.344 0.369 0.360 0.345 0.351 0.352 0.360 0.344 
270 0.356 0.349 0.356 0.367 0.367 0.369 0.375 0.358 0.356 0.365 0.352 0.371 
300 0.370 0.348 0.348 0.352 0.349 0.372 0.371 0.351 0.345 0.374 0.364 0.366 
330 0.372 0.348 0.345 0.369 0.365 0.352 0.349 0.349 0.356 0.368 0.352 0.363 
 
 
TABLE A.30: Shell Wall Thickness (in.) of GB30 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.364 0.352 0.372 0.349 0.351 0.353 0.359 0.365 0.358 0.366 0.351 0.374 
30 0.360 0.366 0.351 0.347 0.368 0.351 0.365 0.372 0.346 0.371 0.364 0.366 
60 0.353 0.348 0.374 0.365 0.361 0.363 0.355 0.362 0.367 0.356 0.371 0.347 
90 0.369 0.371 0.356 0.359 0.348 0.351 0.368 0.347 0.364 0.359 0.357 0.358 
120 0.371 0.351 0.354 0.364 0.357 0.363 0.344 0.367 0.351 0.368 0.374 0.346 
150 0.358 0.354 0.363 0.370 0.349 0.362 0.367 0.359 0.375 0.354 0.355 0.348 
180 0.358 0.363 0.353 0.371 0.351 0.366 0.369 0.369 0.372 0.355 0.363 0.367 
210 0.356 0.374 0.372 0.374 0.351 0.366 0.366 0.355 0.372 0.347 0.372 0.344 
240 0.361 0.356 0.354 0.366 0.366 0.366 0.361 0.375 0.363 0.375 0.351 0.374 
270 0.370 0.351 0.358 0.356 0.364 0.348 0.347 0.373 0.367 0.356 0.360 0.367 
300 0.344 0.362 0.357 0.370 0.354 0.356 0.347 0.364 0.367 0.357 0.362 0.365 
330 0.345 0.345 0.348 0.367 0.349 0.371 0.349 0.349 0.357 0.352 0.360 0.365 
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TABLE A.31: Shell Wall Thickness (in.) of GB31 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.347 0.373 0.359 0.363 0.370 0.349 0.371 0.365 0.370 0.361 0.349 0.375 
30 0.345 0.344 0.357 0.353 0.357 0.346 0.366 0.370 0.347 0.355 0.374 0.348 
60 0.352 0.346 0.357 0.358 0.367 0.374 0.373 0.352 0.372 0.372 0.350 0.366 
90 0.351 0.357 0.362 0.351 0.347 0.358 0.347 0.371 0.372 0.355 0.345 0.353 
120 0.371 0.363 0.354 0.360 0.370 0.350 0.346 0.374 0.374 0.351 0.345 0.360 
150 0.345 0.357 0.373 0.344 0.355 0.359 0.356 0.351 0.354 0.346 0.347 0.360 
180 0.346 0.363 0.357 0.368 0.347 0.352 0.360 0.350 0.372 0.352 0.362 0.370 
210 0.347 0.344 0.368 0.374 0.350 0.353 0.348 0.350 0.357 0.348 0.351 0.347 
240 0.374 0.356 0.349 0.372 0.372 0.369 0.346 0.374 0.352 0.363 0.353 0.373 
270 0.371 0.354 0.347 0.351 0.354 0.364 0.372 0.367 0.360 0.350 0.357 0.359 
300 0.356 0.370 0.359 0.359 0.355 0.344 0.367 0.365 0.369 0.368 0.352 0.372 
330 0.364 0.350 0.354 0.357 0.352 0.353 0.347 0.373 0.359 0.364 0.360 0.355 
 
 
TABLE A.32: Shell Wall Thickness (in.) of GB32 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.346 0.354 0.354 0.356 0.367 0.372 0.373 0.347 0.363 0.348 0.346 0.353 
30 0.371 0.350 0.363 0.374 0.367 0.363 0.353 0.351 0.373 0.367 0.356 0.351 
60 0.372 0.373 0.359 0.358 0.355 0.369 0.360 0.350 0.366 0.351 0.367 0.353 
90 0.349 0.352 0.352 0.360 0.369 0.369 0.372 0.372 0.346 0.348 0.362 0.371 
120 0.362 0.371 0.346 0.369 0.357 0.347 0.345 0.346 0.344 0.358 0.361 0.370 
150 0.349 0.350 0.358 0.367 0.347 0.374 0.353 0.366 0.375 0.363 0.350 0.362 
180 0.370 0.367 0.364 0.346 0.363 0.359 0.352 0.361 0.353 0.363 0.350 0.358 
210 0.371 0.356 0.352 0.375 0.354 0.362 0.355 0.347 0.348 0.353 0.354 0.369 
240 0.374 0.364 0.363 0.364 0.359 0.371 0.369 0.368 0.350 0.371 0.370 0.374 
270 0.366 0.367 0.347 0.372 0.361 0.375 0.354 0.354 0.356 0.349 0.371 0.347 
300 0.369 0.356 0.359 0.372 0.366 0.356 0.374 0.348 0.365 0.374 0.358 0.362 
330 0.374 0.374 0.366 0.359 0.356 0.356 0.373 0.354 0.366 0.362 0.345 0.362 
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TABLE A.33: Shell Wall Thickness (in.) of GB33 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.362 0.363 0.365 0.344 0.363 0.370 0.363 0.349 0.358 0.350 0.363 0.364 
30 0.368 0.356 0.373 0.369 0.371 0.359 0.346 0.346 0.371 0.350 0.374 0.347 
60 0.371 0.372 0.352 0.348 0.351 0.373 0.366 0.360 0.361 0.368 0.374 0.363 
90 0.374 0.369 0.350 0.356 0.351 0.347 0.353 0.344 0.352 0.374 0.346 0.345 
120 0.357 0.373 0.349 0.346 0.364 0.357 0.354 0.361 0.364 0.364 0.357 0.374 
150 0.355 0.350 0.366 0.345 0.368 0.375 0.360 0.370 0.374 0.357 0.356 0.346 
180 0.354 0.360 0.361 0.355 0.360 0.345 0.373 0.355 0.348 0.356 0.353 0.369 
210 0.368 0.370 0.375 0.351 0.357 0.348 0.371 0.348 0.371 0.368 0.346 0.372 
240 0.346 0.365 0.363 0.367 0.375 0.355 0.373 0.361 0.367 0.365 0.362 0.366 
270 0.356 0.356 0.360 0.358 0.345 0.345 0.354 0.368 0.369 0.359 0.354 0.363 
300 0.358 0.374 0.370 0.370 0.347 0.368 0.357 0.372 0.348 0.347 0.373 0.353 
330 0.362 0.352 0.361 0.354 0.354 0.368 0.363 0.350 0.373 0.350 0.345 0.363 
 
 
TABLE A.34: Shell Wall Thickness (in.) of GB34 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.370 0.345 0.355 0.349 0.356 0.360 0.356 0.358 0.362 0.368 0.350 0.345 
30 0.364 0.367 0.349 0.354 0.350 0.362 0.350 0.351 0.365 0.352 0.368 0.357 
60 0.374 0.354 0.359 0.345 0.346 0.372 0.345 0.368 0.371 0.352 0.367 0.352 
90 0.346 0.372 0.356 0.353 0.354 0.351 0.368 0.357 0.357 0.367 0.356 0.362 
120 0.350 0.352 0.366 0.345 0.346 0.372 0.355 0.350 0.371 0.345 0.360 0.373 
150 0.370 0.346 0.356 0.370 0.359 0.363 0.362 0.358 0.348 0.374 0.353 0.356 
180 0.371 0.352 0.375 0.363 0.368 0.364 0.369 0.345 0.355 0.344 0.371 0.364 
210 0.361 0.345 0.355 0.365 0.364 0.369 0.352 0.349 0.372 0.365 0.369 0.368 
240 0.345 0.361 0.351 0.359 0.357 0.362 0.354 0.375 0.358 0.357 0.357 0.354 
270 0.358 0.358 0.372 0.365 0.371 0.365 0.358 0.370 0.344 0.347 0.362 0.348 
300 0.357 0.345 0.357 0.367 0.354 0.348 0.359 0.361 0.361 0.355 0.374 0.355 
330 0.347 0.349 0.353 0.361 0.346 0.345 0.360 0.365 0.369 0.369 0.360 0.355 
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TABLE A.35: Shell Wall Thickness (in.) of GB35 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.372 0.371 0.349 0.357 0.364 0.366 0.361 0.374 0.345 0.347 0.361 0.375 
30 0.358 0.360 0.371 0.368 0.373 0.352 0.360 0.352 0.369 0.361 0.371 0.373 
60 0.367 0.357 0.352 0.354 0.358 0.375 0.361 0.350 0.352 0.371 0.345 0.358 
90 0.356 0.346 0.347 0.364 0.369 0.355 0.356 0.350 0.345 0.359 0.356 0.355 
120 0.349 0.346 0.347 0.363 0.355 0.351 0.346 0.357 0.371 0.369 0.351 0.363 
150 0.348 0.350 0.375 0.352 0.344 0.358 0.353 0.369 0.358 0.347 0.373 0.344 
180 0.357 0.351 0.370 0.362 0.354 0.361 0.365 0.352 0.367 0.364 0.367 0.363 
210 0.368 0.370 0.369 0.361 0.354 0.351 0.364 0.351 0.354 0.354 0.357 0.347 
240 0.359 0.361 0.370 0.358 0.372 0.357 0.370 0.350 0.371 0.354 0.363 0.356 
270 0.348 0.369 0.345 0.364 0.359 0.346 0.368 0.369 0.364 0.353 0.370 0.345 
300 0.350 0.346 0.351 0.350 0.369 0.374 0.375 0.361 0.354 0.353 0.357 0.352 
330 0.374 0.349 0.366 0.360 0.368 0.356 0.349 0.369 0.350 0.357 0.366 0.362 
 
 
TABLE A.36: Shell Wall Thickness (in.) of GB36 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.351 0.370 0.352 0.365 0.353 0.361 0.366 0.348 0.349 0.369 0.369 0.355 
30 0.370 0.361 0.356 0.349 0.375 0.364 0.360 0.354 0.355 0.355 0.374 0.345 
60 0.366 0.355 0.361 0.350 0.371 0.351 0.352 0.369 0.348 0.364 0.370 0.350 
90 0.346 0.374 0.372 0.375 0.359 0.374 0.356 0.363 0.363 0.353 0.374 0.355 
120 0.372 0.372 0.352 0.349 0.364 0.359 0.369 0.347 0.349 0.361 0.355 0.352 
150 0.355 0.365 0.371 0.373 0.364 0.369 0.348 0.369 0.360 0.354 0.344 0.345 
180 0.367 0.362 0.372 0.371 0.371 0.371 0.353 0.366 0.345 0.356 0.363 0.353 
210 0.348 0.354 0.371 0.352 0.371 0.348 0.356 0.355 0.350 0.349 0.374 0.367 
240 0.360 0.360 0.351 0.365 0.373 0.347 0.366 0.364 0.375 0.349 0.372 0.369 
270 0.351 0.344 0.358 0.375 0.345 0.374 0.375 0.359 0.345 0.345 0.345 0.358 
300 0.347 0.361 0.345 0.363 0.371 0.367 0.368 0.354 0.368 0.352 0.345 0.357 
330 0.367 0.372 0.366 0.366 0.367 0.348 0.351 0.369 0.346 0.345 0.344 0.350 
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TABLE A.37: Shell Wall Thickness (in.) of GB37 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.366 0.346 0.354 0.353 0.365 0.365 0.375 0.366 0.369 0.373 0.359 0.357 
30 0.350 0.354 0.362 0.346 0.372 0.357 0.355 0.352 0.347 0.362 0.358 0.368 
60 0.354 0.348 0.352 0.363 0.365 0.365 0.345 0.365 0.370 0.363 0.373 0.359 
90 0.356 0.358 0.356 0.344 0.356 0.361 0.347 0.346 0.371 0.357 0.349 0.365 
120 0.358 0.370 0.357 0.358 0.357 0.349 0.352 0.356 0.368 0.349 0.349 0.363 
150 0.353 0.351 0.371 0.350 0.357 0.364 0.352 0.375 0.361 0.370 0.371 0.353 
180 0.361 0.358 0.370 0.345 0.348 0.366 0.356 0.372 0.373 0.354 0.347 0.350 
210 0.361 0.365 0.355 0.355 0.372 0.356 0.372 0.372 0.373 0.371 0.363 0.364 
240 0.362 0.363 0.363 0.362 0.357 0.354 0.362 0.351 0.350 0.345 0.356 0.375 
270 0.355 0.352 0.351 0.345 0.351 0.369 0.359 0.358 0.348 0.345 0.367 0.349 
300 0.356 0.371 0.361 0.356 0.365 0.368 0.360 0.350 0.344 0.362 0.360 0.346 
330 0.351 0.350 0.357 0.367 0.358 0.370 0.360 0.346 0.363 0.372 0.373 0.354 
 
 
TABLE A.38: Shell Wall Thickness (in.) of GB38 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.362 0.345 0.352 0.375 0.362 0.346 0.370 0.375 0.348 0.374 0.360 0.371 
30 0.358 0.344 0.348 0.367 0.371 0.374 0.371 0.362 0.357 0.372 0.353 0.370 
60 0.371 0.366 0.352 0.360 0.350 0.350 0.363 0.364 0.365 0.363 0.348 0.348 
90 0.368 0.359 0.355 0.361 0.364 0.371 0.345 0.349 0.366 0.354 0.352 0.363 
120 0.353 0.354 0.352 0.365 0.361 0.349 0.363 0.373 0.346 0.345 0.350 0.368 
150 0.358 0.353 0.362 0.347 0.345 0.361 0.357 0.362 0.358 0.358 0.360 0.348 
180 0.359 0.368 0.352 0.363 0.366 0.375 0.358 0.352 0.374 0.353 0.368 0.367 
210 0.345 0.350 0.348 0.361 0.349 0.348 0.370 0.351 0.374 0.349 0.364 0.373 
240 0.359 0.357 0.361 0.375 0.366 0.347 0.360 0.352 0.353 0.359 0.362 0.365 
270 0.363 0.357 0.351 0.367 0.358 0.365 0.350 0.372 0.361 0.361 0.350 0.361 
300 0.350 0.353 0.359 0.367 0.356 0.353 0.370 0.355 0.350 0.358 0.356 0.357 
330 0.351 0.373 0.347 0.359 0.359 0.349 0.374 0.345 0.350 0.357 0.350 0.350 
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TABLE A.39: Shell Wall Thickness (in.) of GB39 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.362 0.366 0.362 0.374 0.347 0.346 0.349 0.362 0.369 0.367 0.354 0.369 
30 0.352 0.357 0.350 0.349 0.367 0.354 0.359 0.357 0.357 0.359 0.352 0.362 
60 0.363 0.373 0.350 0.367 0.363 0.363 0.367 0.360 0.369 0.357 0.344 0.374 
90 0.371 0.352 0.368 0.364 0.363 0.368 0.371 0.363 0.349 0.361 0.364 0.364 
120 0.351 0.350 0.370 0.355 0.357 0.369 0.356 0.370 0.369 0.374 0.359 0.351 
150 0.372 0.370 0.351 0.350 0.369 0.369 0.345 0.358 0.367 0.363 0.363 0.366 
180 0.345 0.358 0.365 0.372 0.345 0.361 0.344 0.349 0.362 0.349 0.346 0.350 
210 0.368 0.356 0.352 0.364 0.361 0.361 0.373 0.372 0.373 0.345 0.364 0.374 
240 0.359 0.375 0.345 0.349 0.360 0.373 0.374 0.356 0.358 0.358 0.358 0.346 
270 0.372 0.345 0.369 0.367 0.369 0.352 0.371 0.364 0.361 0.361 0.353 0.365 
300 0.362 0.374 0.354 0.371 0.345 0.358 0.352 0.375 0.352 0.375 0.350 0.362 
330 0.370 0.352 0.348 0.370 0.363 0.371 0.366 0.358 0.352 0.347 0.363 0.351 
 
 
TABLE A.40: Shell Wall Thickness (in.) of GB40 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.367 0.356 0.346 0.369 0.369 0.360 0.351 0.359 0.370 0.361 0.363 0.367 
30 0.372 0.345 0.367 0.371 0.345 0.349 0.355 0.360 0.369 0.353 0.363 0.346 
60 0.365 0.362 0.366 0.345 0.346 0.365 0.374 0.375 0.354 0.368 0.350 0.363 
90 0.355 0.345 0.366 0.357 0.367 0.352 0.358 0.353 0.356 0.372 0.370 0.354 
120 0.361 0.364 0.366 0.359 0.365 0.368 0.362 0.359 0.349 0.347 0.358 0.372 
150 0.358 0.363 0.365 0.372 0.367 0.354 0.352 0.349 0.365 0.359 0.358 0.367 
180 0.363 0.352 0.360 0.351 0.361 0.350 0.357 0.368 0.348 0.365 0.354 0.370 
210 0.349 0.373 0.373 0.366 0.350 0.374 0.349 0.366 0.363 0.361 0.349 0.349 
240 0.353 0.366 0.358 0.366 0.374 0.365 0.369 0.369 0.353 0.353 0.354 0.366 
270 0.366 0.352 0.349 0.353 0.374 0.345 0.368 0.351 0.348 0.363 0.361 0.352 
300 0.361 0.375 0.362 0.368 0.360 0.354 0.350 0.348 0.349 0.351 0.353 0.362 
330 0.352 0.357 0.346 0.374 0.367 0.344 0.346 0.349 0.358 0.365 0.350 0.373 
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TABLE A.41: Shell Wall Thickness (in.) of GB41 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.362 0.369 0.373 0.357 0.365 0.362 0.367 0.349 0.364 0.344 0.362 0.362 
30 0.355 0.374 0.353 0.347 0.373 0.372 0.351 0.357 0.344 0.372 0.357 0.374 
60 0.347 0.353 0.356 0.345 0.361 0.345 0.368 0.367 0.349 0.352 0.348 0.366 
90 0.350 0.354 0.360 0.350 0.363 0.360 0.367 0.352 0.368 0.351 0.361 0.358 
120 0.371 0.356 0.366 0.359 0.360 0.350 0.359 0.367 0.369 0.346 0.374 0.349 
150 0.359 0.373 0.360 0.348 0.358 0.365 0.370 0.370 0.347 0.371 0.345 0.364 
180 0.363 0.373 0.346 0.368 0.361 0.361 0.375 0.354 0.373 0.358 0.368 0.367 
210 0.365 0.364 0.361 0.372 0.352 0.375 0.362 0.360 0.374 0.373 0.346 0.347 
240 0.373 0.356 0.364 0.366 0.363 0.364 0.355 0.374 0.369 0.367 0.373 0.363 
270 0.350 0.372 0.345 0.356 0.354 0.375 0.373 0.368 0.369 0.346 0.350 0.366 
300 0.374 0.356 0.361 0.360 0.367 0.370 0.373 0.365 0.366 0.347 0.375 0.353 
330 0.370 0.370 0.365 0.347 0.374 0.365 0.358 0.347 0.362 0.373 0.346 0.346 
 
 
TABLE A.42: Shell Wall Thickness (in.) of GB42 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.375 0.348 0.370 0.350 0.346 0.373 0.370 0.358 0.347 0.352 0.368 0.363 
30 0.350 0.345 0.347 0.369 0.351 0.358 0.361 0.350 0.345 0.360 0.353 0.362 
60 0.371 0.363 0.362 0.353 0.374 0.349 0.363 0.351 0.352 0.355 0.350 0.366 
90 0.358 0.365 0.360 0.360 0.346 0.373 0.372 0.365 0.368 0.362 0.365 0.373 
120 0.353 0.357 0.348 0.347 0.358 0.363 0.373 0.371 0.365 0.370 0.351 0.365 
150 0.347 0.371 0.370 0.359 0.352 0.347 0.349 0.355 0.361 0.351 0.375 0.359 
180 0.351 0.346 0.362 0.362 0.351 0.350 0.372 0.371 0.348 0.345 0.364 0.374 
210 0.374 0.359 0.363 0.361 0.349 0.353 0.357 0.355 0.347 0.364 0.354 0.363 
240 0.373 0.351 0.368 0.363 0.357 0.360 0.351 0.370 0.357 0.374 0.357 0.349 
270 0.348 0.360 0.369 0.363 0.371 0.371 0.374 0.348 0.371 0.369 0.345 0.345 
300 0.362 0.344 0.360 0.372 0.356 0.371 0.368 0.360 0.363 0.356 0.359 0.360 
330 0.347 0.346 0.368 0.366 0.360 0.349 0.358 0.359 0.363 0.373 0.362 0.358 
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TABLE A.43: Shell Wall Thickness (in.) of GB43 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.353 0.372 0.370 0.374 0.367 0.361 0.374 0.363 0.357 0.368 0.350 0.363 
30 0.366 0.364 0.374 0.358 0.357 0.361 0.356 0.363 0.363 0.374 0.361 0.372 
60 0.369 0.346 0.365 0.352 0.350 0.361 0.368 0.372 0.355 0.359 0.365 0.344 
90 0.353 0.373 0.355 0.373 0.345 0.373 0.351 0.372 0.346 0.350 0.349 0.370 
120 0.352 0.352 0.366 0.361 0.356 0.373 0.347 0.361 0.350 0.369 0.371 0.362 
150 0.346 0.345 0.362 0.352 0.348 0.359 0.353 0.350 0.349 0.364 0.363 0.374 
180 0.363 0.350 0.350 0.366 0.366 0.364 0.351 0.355 0.370 0.371 0.374 0.358 
210 0.372 0.362 0.369 0.349 0.358 0.365 0.347 0.358 0.352 0.351 0.375 0.362 
240 0.349 0.371 0.360 0.352 0.366 0.356 0.361 0.367 0.374 0.361 0.356 0.349 
270 0.375 0.350 0.361 0.350 0.355 0.375 0.349 0.368 0.350 0.357 0.364 0.373 
300 0.347 0.365 0.364 0.367 0.349 0.350 0.369 0.356 0.358 0.372 0.370 0.346 
330 0.366 0.370 0.357 0.355 0.369 0.372 0.369 0.362 0.364 0.371 0.351 0.349 
 
 
TABLE A.44: Shell Wall Thickness (in.) of GB44 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.350 0.346 0.354 0.371 0.372 0.371 0.347 0.354 0.352 0.357 0.351 0.364 
30 0.368 0.373 0.359 0.354 0.364 0.358 0.361 0.347 0.346 0.371 0.348 0.362 
60 0.365 0.375 0.373 0.354 0.372 0.361 0.359 0.347 0.351 0.344 0.367 0.373 
90 0.348 0.374 0.367 0.352 0.362 0.350 0.349 0.359 0.358 0.358 0.352 0.355 
120 0.364 0.367 0.361 0.358 0.366 0.360 0.360 0.371 0.349 0.369 0.374 0.358 
150 0.367 0.368 0.351 0.357 0.364 0.354 0.373 0.360 0.368 0.371 0.369 0.358 
180 0.370 0.365 0.372 0.346 0.344 0.353 0.345 0.364 0.375 0.355 0.365 0.375 
210 0.357 0.350 0.374 0.354 0.369 0.349 0.350 0.348 0.370 0.356 0.357 0.346 
240 0.372 0.355 0.371 0.372 0.351 0.367 0.369 0.356 0.365 0.357 0.367 0.368 
270 0.373 0.367 0.345 0.347 0.346 0.357 0.358 0.368 0.356 0.348 0.349 0.367 
300 0.347 0.347 0.345 0.368 0.362 0.360 0.347 0.374 0.369 0.352 0.348 0.359 
330 0.359 0.346 0.370 0.368 0.355 0.360 0.358 0.370 0.372 0.374 0.361 0.354 
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TABLE A.45: Shell Wall Thickness (in.) of GB45 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.370 0.344 0.350 0.361 0.349 0.366 0.361 0.363 0.365 0.361 0.363 0.353 
30 0.345 0.363 0.370 0.352 0.366 0.350 0.356 0.368 0.357 0.356 0.365 0.373 
60 0.349 0.366 0.358 0.368 0.368 0.356 0.370 0.346 0.356 0.347 0.359 0.364 
90 0.359 0.373 0.362 0.359 0.374 0.361 0.353 0.345 0.373 0.370 0.352 0.373 
120 0.368 0.349 0.350 0.368 0.348 0.347 0.350 0.352 0.370 0.344 0.375 0.351 
150 0.350 0.347 0.372 0.360 0.347 0.372 0.361 0.348 0.372 0.354 0.350 0.374 
180 0.371 0.372 0.365 0.357 0.347 0.356 0.349 0.360 0.361 0.365 0.367 0.356 
210 0.365 0.368 0.347 0.371 0.346 0.372 0.355 0.374 0.358 0.344 0.374 0.355 
240 0.370 0.348 0.353 0.353 0.350 0.359 0.371 0.373 0.350 0.375 0.372 0.365 
270 0.365 0.363 0.364 0.369 0.345 0.370 0.359 0.344 0.363 0.371 0.357 0.359 
300 0.347 0.372 0.365 0.361 0.349 0.356 0.363 0.369 0.347 0.345 0.352 0.354 
330 0.358 0.366 0.353 0.372 0.372 0.368 0.357 0.372 0.372 0.368 0.357 0.354 
 
 
TABLE A.46: Shell Wall Thickness (in.) of GB46 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.365 0.358 0.366 0.374 0.358 0.353 0.344 0.373 0.348 0.369 0.363 0.358 
30 0.364 0.347 0.369 0.367 0.345 0.355 0.374 0.354 0.355 0.355 0.359 0.372 
60 0.370 0.357 0.355 0.367 0.354 0.351 0.372 0.374 0.358 0.372 0.372 0.354 
90 0.345 0.375 0.372 0.364 0.363 0.372 0.357 0.357 0.363 0.345 0.363 0.346 
120 0.353 0.350 0.359 0.374 0.371 0.370 0.360 0.363 0.369 0.346 0.367 0.352 
150 0.347 0.362 0.358 0.369 0.357 0.375 0.346 0.360 0.365 0.347 0.344 0.351 
180 0.360 0.346 0.356 0.359 0.367 0.349 0.359 0.365 0.352 0.347 0.371 0.352 
210 0.373 0.373 0.354 0.368 0.352 0.352 0.360 0.362 0.369 0.348 0.352 0.369 
240 0.347 0.345 0.362 0.357 0.349 0.374 0.348 0.373 0.360 0.345 0.363 0.371 
270 0.366 0.374 0.357 0.363 0.372 0.360 0.359 0.370 0.367 0.348 0.372 0.370 
300 0.359 0.363 0.357 0.362 0.351 0.353 0.349 0.356 0.365 0.363 0.346 0.346 
330 0.366 0.346 0.355 0.367 0.352 0.362 0.374 0.361 0.348 0.373 0.366 0.363 
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TABLE A.47: Shell Wall Thickness (in.) of GB47 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.367 0.363 0.360 0.361 0.351 0.353 0.364 0.352 0.359 0.354 0.369 0.359 
30 0.361 0.359 0.373 0.344 0.367 0.351 0.344 0.349 0.349 0.353 0.359 0.348 
60 0.350 0.349 0.362 0.354 0.345 0.349 0.362 0.369 0.368 0.358 0.372 0.374 
90 0.364 0.363 0.373 0.346 0.346 0.356 0.358 0.362 0.367 0.373 0.344 0.358 
120 0.354 0.372 0.370 0.370 0.357 0.353 0.353 0.352 0.349 0.344 0.361 0.353 
150 0.371 0.361 0.354 0.350 0.349 0.349 0.352 0.368 0.372 0.373 0.350 0.361 
180 0.363 0.354 0.367 0.372 0.366 0.367 0.366 0.367 0.371 0.363 0.369 0.350 
210 0.365 0.357 0.374 0.347 0.361 0.364 0.364 0.370 0.369 0.373 0.345 0.374 
240 0.350 0.354 0.375 0.370 0.347 0.372 0.351 0.355 0.348 0.367 0.345 0.368 
270 0.348 0.360 0.345 0.355 0.373 0.360 0.356 0.357 0.355 0.350 0.366 0.346 
300 0.362 0.363 0.346 0.353 0.347 0.363 0.361 0.347 0.368 0.358 0.351 0.345 
330 0.361 0.357 0.363 0.361 0.358 0.374 0.358 0.365 0.355 0.350 0.361 0.370 
 
 
TABLE A.48: Shell Wall Thickness (in.) of GB48 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.353 0.346 0.366 0.347 0.353 0.368 0.375 0.368 0.346 0.364 0.350 0.349 
30 0.352 0.359 0.356 0.370 0.362 0.368 0.371 0.354 0.371 0.355 0.351 0.370 
60 0.363 0.344 0.345 0.361 0.352 0.349 0.367 0.361 0.365 0.366 0.354 0.359 
90 0.354 0.353 0.375 0.347 0.345 0.354 0.359 0.365 0.369 0.358 0.351 0.373 
120 0.355 0.370 0.374 0.364 0.370 0.356 0.367 0.371 0.352 0.352 0.346 0.360 
150 0.359 0.374 0.365 0.351 0.363 0.362 0.358 0.365 0.345 0.350 0.353 0.373 
180 0.369 0.366 0.358 0.351 0.365 0.347 0.358 0.349 0.375 0.352 0.348 0.364 
210 0.359 0.348 0.359 0.348 0.351 0.365 0.374 0.365 0.358 0.367 0.350 0.360 
240 0.344 0.364 0.350 0.357 0.356 0.356 0.353 0.360 0.371 0.365 0.369 0.350 
270 0.363 0.366 0.370 0.363 0.349 0.357 0.368 0.358 0.362 0.371 0.365 0.350 
300 0.363 0.353 0.354 0.374 0.373 0.366 0.357 0.351 0.362 0.368 0.358 0.359 
330 0.359 0.353 0.374 0.365 0.365 0.350 0.356 0.356 0.359 0.359 0.349 0.371 
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TABLE A.49: Shell Wall Thickness (in.) of GB49 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.347 0.368 0.367 0.370 0.369 0.348 0.344 0.350 0.359 0.364 0.351 0.364 
30 0.375 0.358 0.373 0.367 0.344 0.362 0.363 0.361 0.347 0.354 0.344 0.375 
60 0.356 0.370 0.357 0.352 0.351 0.347 0.348 0.347 0.358 0.360 0.370 0.367 
90 0.350 0.368 0.364 0.355 0.357 0.347 0.367 0.374 0.356 0.368 0.351 0.362 
120 0.353 0.370 0.375 0.374 0.357 0.361 0.358 0.361 0.345 0.364 0.355 0.359 
150 0.365 0.357 0.353 0.349 0.364 0.345 0.363 0.365 0.349 0.372 0.361 0.345 
180 0.366 0.350 0.345 0.371 0.349 0.349 0.353 0.355 0.348 0.373 0.354 0.375 
210 0.347 0.347 0.359 0.354 0.369 0.350 0.369 0.353 0.373 0.347 0.369 0.356 
240 0.372 0.346 0.351 0.358 0.370 0.375 0.370 0.351 0.375 0.372 0.372 0.356 
270 0.363 0.364 0.371 0.360 0.350 0.362 0.371 0.356 0.353 0.365 0.352 0.369 
300 0.365 0.370 0.370 0.372 0.370 0.368 0.355 0.374 0.347 0.367 0.351 0.363 
330 0.345 0.355 0.354 0.364 0.351 0.365 0.359 0.373 0.360 0.374 0.375 0.363 
 
 
TABLE A.50: Shell Wall Thickness (in.) of GB50 Shell 
 
θ\L(in.) 13 39 65 91 117 143 169 195 221 247 273 299 
0 0.354 0.348 0.360 0.356 0.358 0.353 0.345 0.364 0.371 0.366 0.365 0.358 
30 0.363 0.358 0.346 0.371 0.345 0.372 0.372 0.350 0.347 0.367 0.366 0.349 
60 0.366 0.359 0.360 0.352 0.348 0.368 0.355 0.350 0.349 0.364 0.347 0.358 
90 0.362 0.373 0.360 0.361 0.352 0.353 0.362 0.373 0.351 0.351 0.348 0.359 
120 0.359 0.352 0.359 0.372 0.374 0.360 0.358 0.370 0.365 0.357 0.373 0.350 
150 0.366 0.349 0.363 0.369 0.368 0.344 0.358 0.371 0.347 0.370 0.370 0.348 
180 0.368 0.363 0.345 0.349 0.364 0.368 0.364 0.363 0.367 0.355 0.370 0.360 
210 0.358 0.362 0.368 0.350 0.372 0.346 0.364 0.373 0.364 0.363 0.345 0.360 
240 0.361 0.345 0.362 0.364 0.363 0.364 0.371 0.364 0.350 0.368 0.367 0.374 
270 0.350 0.345 0.369 0.374 0.352 0.373 0.361 0.352 0.374 0.369 0.360 0.350 
300 0.369 0.358 0.346 0.349 0.369 0.371 0.371 0.356 0.354 0.360 0.346 0.357 
330 0.346 0.357 0.369 0.348 0.364 0.372 0.362 0.366 0.366 0.371 0.362 0.349 
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APPENDIX B: FOURIER COEFFICIENTS FOR GB SHELLS 
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APPENDIX C: VARIANCE COVARIANCE MATRIX FOR GB SHELLS 
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APPENDIX D: BUCKLING LOAD OF GB SHELLS 
                              (KOITER AXISYMMETRIC METHOD) 
 
 
TABLE D.1: Non-Dimensional Buckling Load of GB Shells  
          (Koiter Axisymmetric Method) 
 
GB Shell λ GB Shell λ 
1 0.731 26 0.728 
2 0.714 27 0.720 
3 0.732 28 0.725 
4 0.732 29 0.733 
5 0.727 30 0.732 
6 0.722 31 0.719 
7 0.737 32 0.734 
8 0.733 33 0.730 
9 0.724 34 0.720 
10 0.721 35 0.724 
11 0.727 36 0.728 
12 0.724 37 0.723 
13 0.722 38 0.722 
14 0.727 39 0.734 
15 0.732 40 0.727 
16 0.731 41 0.739 
17 0.731 42 0.727 
18 0.731 43 0.735 
19 0.738 44 0.731 
20 0.729 45 0.731 
21 0.729 46 0.731 
22 0.731 47 0.724 
23 0.722 48 0.727 
24 0.729 49 0.731 
25 0.729 50 0.731 
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APPENDIX E: DOUBLE FOURIER SERIES COEFFICIENTS FOR GB 
       SHELLS 
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APPENDIX F: BUCKLING LOAD MAP FOR GB SHELLS (AXIAL LOADING) 
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APPENDIX G: 8-MODE TREE FOR GB SHELLS (AXIAL LOADING) 
 
 
                   AXISYMMETRIC                                           ASYMMETRIC 
 
                     (2,0)                     +                    (1,8)        +        (25,8) +         (27,0) 
                                    +              +                 
(1,2)         (25,2)           
                      +                         +                 
         (1,6)                  (25,6) 
 
 
FIGURE G.1: 8-Mode Tree for GB Shells (Axial Loading) 
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APPENDIX H: BUCKLING LOAD OF GB SHELLS 
                           (KOITER ASYMMETRIC METHOD) 
 
 
TABLE H.1: Non-Dimensional Buckling Load of GB Shells  
         (Koiter Asymmetric Method) 
 
GB Shell λ GB Shell λ 
1 0.539 26 0.534 
2 0.514 27 0.523 
3 0.539 28 0.53 
4 0.539 29 0.541 
5 0.532 30 0.539 
6 0.526 31 0.522 
7 0.548 32 0.542 
8 0.541 33 0.537 
9 0.528 34 0.523 
10 0.524 35 0.528 
11 0.533 36 0.534 
12 0.528 37 0.527 
13 0.526 38 0.526 
14 0.533 39 0.543 
15 0.539 40 0.532 
16 0.538 41 0.55 
17 0.538 42 0.533 
18 0.538 43 0.544 
19 0.548 44 0.538 
20 0.536 45 0.539 
21 0.536 46 0.538 
22 0.539 47 0.528 
23 0.525 48 0.533 
24 0.536 49 0.539 
25 0.536 50 0.538 
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APPENDIX I: BUCKLING LOAD MAP FOR GB SHELLS (EXTERNAL PRESSURE) 
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APPENDIX J: 8-MODE TREE FOR GB SHELLS (EXTERNAL PRESSURE) 
 
 
               AXISYMMETRIC                                                 ASYMMETRIC 
 
                     (2,0)                     +                    (1,7)      +       (1,8) + (1,9) 
                                    +              +                 
(1,6)          (1,4)           
                      +                         +                 
        (1,13)                  (1,12) 
 
 
FIGURE J.1: 8-Mode Tree for GB Shells (External Pressure) 
 
 
 
 
